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Alternative proofs for inequalities of some trigonometric functions

Bai-Ni Guoa and Feng Qib*
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Henan Province 454010, China; bResearch Institute of Mathemetical Inequality Theory,

Henan Polytechnic University, Jiaozuo City, Henan Province 454010, China

(Received 3 April 2007)

By using an identity relating to Bernoulli’s numbers and power series expansions
of cotangent function and logarithms of functions involving sine function, cosine
function and tangent function, four inequalities involving cotangent function,
sine function, secant function and tangent function are established.

Keywords: inequality; power series expansion; tangent function; secant function;
cosecant function; sine function; Bernoulli’s number

1. Introduction

The Bernoulli’s numbers Bn and Euler’s numbers En for nonnegative integers n are,
repectively, defined in [1,7] and [20, p. 1 and p. 6] by

t

et � 1
þ

t

2
¼ 1þ

X1
n¼0

ð�1Þn�1Bn
t2n

ð2nÞ!
, jtj < 2� ð1Þ

and

2et=2

et þ 1
¼
X1
n¼0

ð�1ÞnEn

ð2nÞ!

t

2

� �2n
, jtj < �: ð2Þ

The following power series expansions are well known and can be found in [1] and
[7, pp. 227–229]:

cot x ¼
1

x
�
X1
k¼1

22kBk

ð2kÞ!
x2k�1, 0 < jxj < �, ð3Þ

ln
sin

x
¼ �

X1
k¼1

22k�1Bk

kð2kÞ!
x2k, 0 < jxj < �, ð4Þ

ln cos x ¼ �
X1
k¼1

22k�1ð22k � 1ÞBk

kð2kÞ!
x2k, jxj <

�

2
, ð5Þ

ln
tanx

x
¼
X1
k¼1

22kð22k�1 � 1ÞBk

kð2kÞ!
x2k, 0 < jxj <

�

2
: ð6Þ

It is also well known [7, p. 231] thatX1
m¼1

1

m2n
¼
�2n22n�1

ð2nÞ!
Bn: ð7Þ
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The Becker–Stark’s inequality ([2], [13, p. 156] and [11]) states that for 0< x<1,

4

�
�

x

1� x2
< tan

�x

2
<
�

2
�

x

1� x2
: ð8Þ

For x2(0,�/6), Djokvie’s inequality states [11] that

xþ
1

3
x3 < tan x < xþ

4

9
x3: ð9Þ

In [3], the following inequalities are proved: For x2(0, �/2) and n 2 1N,

22ðnþ1Þð22ðnþ1Þ � 1ÞBnþ1

ð2nþ 2Þ!
x2n tan x < tan x� SnðxÞ <

2

�

� �2n

x2n tan x, ð10Þ

where

SnðxÞ ¼
Xn
i¼1

22ið2
2i�1ÞBi

ð2iÞ!
x2i�1: ð11Þ

If taking n¼ 1 in (10), for 0 < x < ð3=�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð�2 � 8Þ=38,

p
the left hand side inequality in

(10) is better than the left hand side inequality in (8). If taking n¼ 2 in (10), we obtain

xþ
1

3
x3 þ

2

15
x4 tanx < tan x < xþ

1

3
x3 þ

2

�

� �4

x4 tan x, x 2 0,
�

2

� �
: ð12Þ

The constants 2/15 and (2/�)4 in (12) are the best possible. Since

1

3
þ

2

�

� �4

x tanx <
1

3
þ

2

�

� �4

�
�

6
�
1ffiffiffi
3
p <

4

9
,

the inequalities in (12) are better than those in (9).
Recently a number of articles have been published on inequalities involving

trigonometric functions [5,6,8–10,15,16,18], estimates of remainders of elementary

functions [12,14] and related questions [17,19].
The purpose of this article is to give the second proofs of the following four inequalities

involving some trigonometric functions, which were established in [4].

Theorem 1: For 0< x< 1,

2

�
�

x

1� x2
<

1

�x
� cotð�xÞ <

�

3
�

x

1� x2
: ð13Þ

The constants 2/� and �/3 in (13) are the best possible.
For 0< |x|<1, we have

ln
�x

sinð�xÞ

� �
<
�2

6
:

x2

1� x2
, ð14Þ

ln sec
�x

2

� �
<
�2

8
�

x2

1� x2
, ð15Þ

ln
tan�x=2

�x=2

� �
<
�2

12
�

x2

1� x2
: ð16Þ

The constants �2/6, �2/8 and �2/12 are the best possible.
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Remark 1: Notice that there are a large number of particular inequalities relating to

trigonometric functions in [11,13].

2. Proof of Theorem 1

The proof of inequality (13): Define for 0< x<1

fðxÞ ¼
1� x2

x

1

�x
� cotð�xÞ

� �
: ð17Þ

Replacing x by �x in (3) yields

cotð�xÞ ¼
1

�x
�
X1
k¼1

22k�2kþ1Bk

ð2kÞ!
x2kþ1, 0 < jxj < 1: ð18Þ

Substituting (18) into (17) produces

fðxÞ ¼
�

3
þ
X1
k¼1

22kþ2�2kþ1Bkþ1

ð2kþ 2Þ!
�
22kþ2�2kþ1Bk

ð2kÞ!

� �
x2k: ð19Þ

Using (7), (19) can be rewritten as

fðxÞ ¼
�

3
�

2

�

X1
k¼1

X1
n¼1

1

n2k
�

1

n2kþ2

� �
x2k:

It is easy to see that f(x) is strictly decreasing, then 2/�¼ limx! 1 f(x)< f(x)< limx! 0

f(x)¼�/3. Inequality (13) follows. œ

The proof of inequality (14): Define for 0< x<1

gðxÞ ¼
1� x2

x2
ln

�x

sinð�xÞ
: ð20Þ

Replacing x by �x in (4) yields

ln
�x

sinð�xÞ
¼
X1
k¼1

22k�1�2kBk

kð2kÞ!
x2k, 0 < jxj < 1: ð21Þ

Substituting (21) into (20) leads to

gðxÞ ¼
�2

6
�
X1
k¼1

22kþ1�2kþ2Bkþ1

ðkþ 1Þð2kþ 2Þ!
�
22k�1�2kBk

kð2kÞ!

� �
x2k: ð22Þ

Using (7), (22) can be rearranged to

gðxÞ ¼
�2

6
�
X1
k¼1

1

k

X1
n¼1

1

n2k
�

1

kþ 1

X1
n¼1

1

n2kþ2

 !
x2k:

It is easy to see that g(x) is strictly decreasing, thus g(x)< limx!0 g(x)¼�
2/6 which is

equivalent to (14). œ
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The proof of inequality (15): Define for 0< x<1

hðxÞ ¼
1� x2

x2
ln sec

�x

2

� �
: ð23Þ

Replacing x by �x/2 in (5) yields

ln sec
�x

2

� �
¼
X1
k¼1

ð22k � 1Þ�2kkBk

2kð2kÞ!
x2k, 0 < jxj < 1: ð24Þ

Substituting (24) into (23) leads to

hðxÞ ¼
�2

8
�
X1
k¼1

ð22k � 1Þ�2Bk

2kð2kÞ!
�
ð22kþ2 � 1Þ�2kþ2Bkþ1

ð2kþ 2Þð2kþ 2Þ!

� �
x2k: ð25Þ

Using (7), (25) can be rewritten as

hðxÞ ¼
�2

8
�
X1
k¼1

22k � 1

k22k

X1
n¼1

1

n2k
�

22kþ2 � 1

ðkþ 1Þ22kþ2

X1
n¼1

1

n2kþ2

 !
x2k: ð26Þ

It is clear that for k 2 N X1
n¼1

1

n2k
>
X1
n¼1

1

n2kþ2
ð27Þ

and

22k � 1

k22k
>

22kþ2 � 1

ðkþ 1Þ22kþ2
: ð28Þ

From (26), (27) and (28), we readily obtain that h(x) is strictly decreasing.

Thus g(x)< limx! 0 g(x)¼�
2/8, which is equivalent to (15). œ

The proof of inequality (16): Define for 0< x<1

’ðxÞ ¼
1� x2

x2
ln

tan�x=2

�x=2

� �
: ð29Þ

Replacing x by �x/2 in (6) yields

ln
tanð�x=2Þ

�x=2

� �
¼
X1
k¼1

ð22k�1 � 1Þ�2kBk

kð2kÞ!
x2k, 0 < jxj < 1: ð30Þ

Substituting (30) into (29) gives

’ðxÞ ¼
�2

12
�
X1
k¼1

ð22k�1 � 1Þ�2kBk

kð2kÞ!
�
ð22kþ1 � 1Þ�2kþ2Bkþ1

ðkþ 1Þð2kþ 2Þ!

� �
x2k: ð31Þ
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Using (7), (31) can be rewritten as

’ðxÞ ¼
�2

12
�
X1
k¼1

22k�1 � 1

k22k�1

X1
n¼1

1

n2k
�

22kþ1 � 1

ðkþ 1Þ22kþ1

X1
n¼1

1

n2kþ2

 !
x2k: ð32Þ

Combining (27) and (28) with (32), we see that ’(x) is strictly decreasing. Hence
’(x)< limx!0 ’(x)¼�

2/12, which is equivalent to (16). œ
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We use the Implicit Function Theorem to establish a result of non-existence of
limit to a certain class of functions of several variables. We consider functions
given by quotients such that both the numerator and denominator functions are
null at the limit point. We show that the non-existence of the limit of such
function is related with the gradient vectors of the numerator and denominator
functions. We prove the limit does not exist if the dimension of the vector
subspace spanned by the gradient vectors is �1.

Keywords: functions of several variables; implicit function theorem; limits

1. Introduction

We use the Implicit Function Theorem to establish a result of non-existence of limit to a

certain class of functions of several variables. To show that a function H of several

variables has no limit as we approach the origin, for example, we are using this to show

that there are two different paths towards the origin along which the function H has

different limits. Sometimes, it is a hard task finding these paths. Consider, for instance, the

following limit (given as an exercise in 3)

lim
ðx;yÞ!ð0;0Þ

Hðx; yÞ; where Hðx; yÞ ¼
x3

x2 þ y
:

Along all the paths given by y¼ �x or y¼ �x2, for �; � 2 R, with � 6¼ �1, it is easy to see

that the function H(x, y) always tends to zero.
If we look to the zero level sets of the functions f(x,y)¼ x3 and g(x,y)¼ x2þ y, we see

they intersect only at the origin, that is fðx; yÞ 2 R
2; fðx; yÞ ¼ 0g \ fðx; yÞ 2 R

2;
g(x,y)¼ 0}¼ {(0,0)}. Thus, clearly the previous limit does not exist since H(x, y) is not

bounded on any punctured neighbourhood of the origin.
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