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Abstract. We consider here the conformation of flexible anionic polyelectrolyte chains in the presence of cationic,
anionic and neutral surfactant molecules, and in the presence of monovalent salt. The system is described in the frame-
work of the Debye-Hückel-Bjerrum-Manning and Flory theories, with the hydrophobic interaction included explicitly
as an effective short-ranged attraction between the surfactant hydrocarbon tails. At equilibrium we have the formation
of polyelectrolyte-surfactants complexes, with the three kinds of surfactants associating to the polyelectrolyte chain.
There is also the formation of mixed micelles with all kinds of surfactant molecules. The ions also associate both at
the complexes and at the micelles, if these have a net charge different from zero. The polidispersivity in the system is
considered explicitly. The polyelectrolyte-surfactant complex distribution is evaluated iteratively with the law of mass
action that is obtained from minimization of the free energy. The size distribution of micelles is supposed to be of a
Gaussian form. This simple model allows us to calculate the average extension of the polyelectrolyte-surfactants com-
plexes as a function of the different surfactants concentrations. A conformational transition between a collapsed state
and an elongated coil is found, depending on the value of each hydrophobic interaction parameter. The values of the
three hydrophobic energies at the transition are estimated. The unfolding of DNA-surfactant complexes experimentally
observed in solutions with surfactants is an example of this transition.

Resumo. Consideramos aqui a conformação de cadeias aniônicas flex́ıveis na presença de moléculas de surfactantes
catiônicos, aniônicos e neutros, e na presença de sal monovalente. O sistema é descrito com base nas teorias de Debye-
Hückel-Bjerrum-Manning and Flory, com a interação hidrofóbica inclúıda explicitamente como uma atração efetiva de
curto alcance entre as cadeias neutras dos surfactantes. No equiĺıbrio temos a formação de complexos polieletrólito-
surfactantes, com os três tipos de surfactantes associando à cadeia do polieletrólito. Também ocorre a formação de
micelas mistas com todos os tipos de moléculas de surfactantes. Os ı́ons também associam nos complexos e nas micelas,
se essas possuem uma carga total diferente de zero. A polidispersividade do sistema é considerada explicitamente. A
distribuição de complexos polieletrólito-surfactantes é calculada iterativamente com a lei de ação das massas obtida da
minimização da energia livre. A distribuição de tamanhos das micelas é suposta ser de forma Gaussiana. Esse modelo
simples permite calcular a extensão média das cadeias dos complexos polielétrolito-surfactantes como uma função das
diferentes concentratações de surfactantes. Uma transição conformacional entre um estado colapsado e um estado
extendido é encontrada, dependendo do valor de cada parâmetro de interação hidrofóbica. Os valores das três energias
hidrofóbicas na transição são estimados. A extensão de complexos DNA-surfactante experimentalmente observada em
soluções com surfactantes é um exemplo dessa transição.
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de ĺıquidos associados: eletrólitos, sais, etc.

1 Introduction

Solutions with polyelectrolytes, salt molecules and different
surfactant molecules, ionic and non-ionic have been inten-
sively studied in recent years, both theoretically and exper-

imentally, due to technological and biomedical applications
[1]-[7]. DNA solutions are among the most prominent ex-
amples of these sytems. One of the main reasons is its ap-
plication in gene therapy, since complexes formed by DNA
molecules and surfactant chains can be used in drug de-
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livery into the cells and nuclei [8]-[10]. From a theoretical
point of view, the very complex microscopic interactions,
electrostatic, hydrophobic and the excluded volume, make
the precise molecular description of the different structures
formed in these systems an almost impossible task [11]-
[18]. In the construction of a microscopic model for these
systems much aspects must be considered. We have the
long ranged electrostatic interaction, and the short ranged
hydrophobic and excluded volume interactions. The poly-
electrolyte chains may also be rigid, as short segments of
DNA, or flexible, as long DNAmolecules and other polymer
chains. The structures formed are very rich, since the poly-
electrolyte form complexes with salt ions and the cationic
surfactant. Beyond this occurs the formation of micelles in
which also occurs association of ions.

We have considered previously solutions of polyelec-
trolyte chains with different kinds of surfactants. In [16] we
have considered solutions of anionic polyelectrolyte chains
with cationic surfactants, in salt-free solutions. Using the
basic ideas of Debye-Hückel-Bjerrum-Manning and Flory
theories [1]-[3], [19]-[31], we evaluated the distribution of
complexes explicitly, and we found a transition between
an elongated coil state and a collapsed state, as the den-
sity of surfactant increases. At equilibrium polyelectrolyte
complexes with ions and surfactants are formed. The in-
teractions involved are electrostatic and hydrophobic. The
formation of micelles in solution was neglected. The hy-
drophobic energy is the fitting parameter for given densi-
ties. The results are in good agreement with experiments
[32]. In [17] we include monovalent salt and consider ex-
plicitly the formation of micelles in solution [33]-[44]. How-
ever, polidispersivity is ignored. We have supposed that
both polyelectrolyte complexes have the same charge, and
the micelles also have the same size. This one cluster size
approximation simplify the numerical evaluations. Only
one species of surfactant is present, as before, namely a
cationic surfactant. As the salt concentration increases,
the previously collapsed polyelectrolyte chain with asso-
ciated cationic surfactant changes to an elongated or coil
state, with the release of surfactants from complexes to
the solution, where they form micelles. We have now two
hydrophobic energy parameters use as fitting parameters,
one for the hydrophobic attraction forming micelles, and
other for the hydrophobic attraction between associated
cationic surfactans at the polyelectrolyte-surfactant com-
plexes. Again the results agree with experimental findings
[45]. In [18], with the same theoretical ideas, we stud-
ied polyelectrolyte chains with two kinds of surfactants,
cationic and anionic, in salt-free solutions. Now the mi-
celles are mixed, with the positive and negative surfactants.

As the concentration of anionic surfactant increases, the
previously collapsed polyelectrolyte chain with associated
cationic surfactant changes to an elongated or coil state,
as before, with the formation of mixed micelles. Different
from the previous work, polidispersivity of micelles was ex-
plicitly included through a Gaussian distribution. Again
we have two hydrophobic energies to be adjusted. We have
found also a good agreement with experiments [46, 47].

In the present work we consider anionic polyelectrolytes
in the presence of three surfactants species, cationic, an-
ionic and neutral, and also monovalent salt. The theory
is based as before on the Debye-Hückel-Bjerrum-Manning
and Flory ideas. However, we allow here the association
of all kinds of surfactants at the polyelectrolyte chains.
Hence the complexes contain four associated species: pos-
itive ions, cationic, anionic and neutral surfactants. Sys-
tems of cationic, anionic and neutral surfactants with DNA
molecules have been studied experimentally [48]-[50]. The
micelles formed in solution are now more complex than
before, since the three kinds of surfactants are involved.
Nonetheless, a simple theory based on our previous works
is made, generalizing the formalism to three surfactants,
with a Gaussian size distribution for micelles used again.
Concerning polyelectrolyte chains, we consider a complex
distribution, finding the distribution iteratively after min-
imizing the free energy. This leads to the mass action law,
and the resulting equations for the complex distribution
are solved iteratively. Since we consider low polyelectrolyte
concentrations, the micelle free energy is constructed con-
sidering only surfactants and salt. Minimizing this free
energy we find the fraction os surfactants in micelles and
the association fraction of ions. With these values we con-
sider the free energy for polyelectrolyte chains, evaluating
the complex distribution.

The paper is organized as follows. In Section 2, we
present the model systems and the definitions related to
the different chemical species involved. Section 3 presents
the free energy for the micelles. Section 4 presents the free
energy for polyelectrolyte-surfactants complex formation.
Finally, section 5 presents our results and conclusions.

2 The system

The system is essentially the same studied previously
[16]-[18], with some important modifications. The sys-
tem contains Np flexible polyelectrolyte chains, monovalent
salt, and three kinds of surfactant molecules, cationic, an-
ionic and neutral. Each polyelectrolyte chain contains Z
monomers with charge −q, hence each chain contributes
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with Z counterions of charge +q. The number density of
polyelectrolyte chains is ρp = Np/V , and of polyelectrolyte
monomers is ρm = Zρp = ZNp/V , where V is the volume
of the solution.

The number density of monovalent salt is denoted by
ρs = Ns/V , therefore we have Ns positive salt ions and Ns

negative salt ions. The number density of cationic surfac-
tant molecules is ρ1 = N1/V . The surfactant chain con-
tains z1 neutral monomers and a cationic monomer at one
extremity. In solution we have one monomer with charge
−q corresponding to each positive surfactant chain. In
an analogous way we have anionic surfactant with num-
ber density ρ2 = N2/V and size z2 of the neutral chain,
and neutral surfactant with number density ρ3 = N3/V
and size z3 of the neutral chain. The anionic surfactant
has a positive conterion and the neutral chain has no coun-
terion. All monomers, both of polyelectrolyte chain, surfac-
tant chains, counterions and salt ions, are rigid spheres with
diameter σ = 3 Å. The charges at the polymer monomers,
at the extremity of cationic and anionic surfactants, and at
the ions, are located at the center of the respective spheri-
cal monomer. We consider only monovalent species, hence
each charge is +q or −q, where q is the proton charge. The
solvent is a uniform continuous medium of permittivity ε,
representing water at 25�.

The strong electrostatic interaction between the poly-
electrolyte chain and the ionic species in solution leads
to association of both counterions and surfactants on
the negatively charged monomeric sites of the polyelec-
trolyte chain. We call these aggregates as polyelectrolyte-
surfactant complexes. However, different from our previ-
ous works [16]-[18], we allow the association of all kinds of
surfactants at the polyelectrolyte chain. The polydisper-
sivity of polyelectrolyte-surfactant complexes is explicitly
considered. We denote the number of associated positive
ions in a polyelectrolyte chain by i, the number of asso-
ciated cationic surfactants by j, the number of associated
anionic surfactants by k, the number of associated neutral
surfactants by l. The corresponding association fractions
are mi = i/Z, mj = j/Z, mk = k/Z, and ml = l/Z,
respectively. The corresponding number density of com-
plexes is denoted by ρijkl. The positive ions associate at the
polyelectrolyte chain due to electrostatic attraction. The
association of cationic surfactants involves, besides elec-
trostatic attraction, the hydrophobic interaction between
the associated cationic surfactants. This energy parame-
ter is denoted by ε1. The anionic surfactant, however, can
associate to the polyelectrolyte chain only if it interacts
attractively with the polyelectrolyte chain, since the elec-
trostatic interaction is repulsive. This hydrophobic energy

parameter is denoted by ε2. The neutral surfactant also as-
sociates only due to the hydrophobic interaction with the
polyelectrolyte chain. This hydrophobic energy parameter
is denoted by ε3. In the case of association of the cationic
surfactant, the hydrophobic energy parameter ε1 enhances
the attraction to the polyelectrolyte chain, favoring its asso-
ciation, already present due to electrostatic attraction. In
the association of the anionic surfactant, the hydrophobic
energy parameter ε2 represents both attraction to the poly-
electrolyte chain and attraction between associated anionic
surfactants, since the electrostatic repulsion difficults its as-
sociation. We expect this hydrophobic interaction to be the
most strong among all three kinds of surfactants, if the an-
ionic surfactant contributes to polyelectrolyte-surfactants
complexes. In the association of the neutral surfactant to
the polyelectrolyte chain, the only energy is the hydropho-
bic attraction, both between the associated neutral surfac-
tants and between the surfactants and the chain, repre-
sented by the parameter ε3.

We have also the formation of another kind of structure
in solution, the micelles of surfactants, which are formed
due to electrostatic and hydrophobic interactions between
surfactant molecules. In this case we have micelles with
all the three kinds of surfactants. Although this obviously
complicates the problem, we use a simple free energy based
on our previous work and the existent theories of mixed mi-
celles of only two surfactants, extending the theory for three
surfactants [17, 18],[33]-[44]. We denote the hydrophobic
interaction energy between cationic, anionic and neutral
surfactants in micelles by εm. Although we have three sur-
factant species in a micelle, we use only one hydrophobic
energy parameter in micelles, as in our previous work [18].
The polidispersivity of micelles is included as before with a
Gaussian distribution [18]. Also, since we consider only low
concentrations of polyelectrolytes, we suppose that micelle
formation is not affected by the presence of the polyelec-
trolytes chains, especially the critical micellar concentra-
tion (CMC) of the mixed micelles. Therefore, the micelles
are formed exclusively by surfactant molecules and do not
interact with the polyelectrolytes in the system. Since in
general the micelles will have a net charge, positive or neg-
ative, we have association of ions at the micelle surface,
negative or positice, respectively. Denoting the total num-
ber of surfactants in a given micelle by g, we denote the
fraction of cationic surfactants in the micelle by p and the
fraction of anionic surfactants by n, hence,

pg + ng + (1− p− n)g = g , (1)

where (1− p− n)g is the fraction of neutral surfactants in
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a micelle of size g. Explicitly [18, 38, 39],

p =
ρ1m(X∗

2 +X∗

3 )

ρ1m(X∗

2 +X∗

3 ) + ρ2m(X∗

1 +X∗

3 ) + ρ3m(X∗

1 +X∗

2 )
,

n =
ρ2m(X∗

1 +X∗

3 )

ρ1m(X∗

2 +X∗

3 ) + ρ2m(X∗

1 +X∗

3 ) + ρ3m(X∗

1 +X∗

2 )
,

(2)

where the molar densities of cationic, anionic and neutral
surfactants are, respectively, ρ1m, ρ2m, ρ3m. The quantities
X∗

1 , X
∗

2 , X
∗

3 are the respective critical micelle concentra-
tions of pure surfactants, in moles per liter.

We define now the fractions of each surfactant species in
the micelles relatively to the corresponding total surfactant
concentration,

x1 =
p

ρ1

∑

g

gρg ,

x2 =
n

ρ2

∑

g

gρg =
nx1ρ1
pρ2

,

x3 =
1− p− n

ρ3

∑

g

gρg =
(1− p− n)x1ρ1

pρ3
. (3)

If we know x1 we have x2 and x3.
We write the Gaussian size distribution of micelles as,

ρgσ
3 = c exp[−a(g − ḡ)2] , (4)

with the average size chosen as ḡ = 100, c is a dimensionless
constant, and the deviation a given by,

[

(g − ḡ)2
]1/2

=

(

1

2a

)1/2

. (5)

We choose a = 0.005, corresponding to a deviation of 10.
The constant c is determined in the following way. We can
write,

∑

g

gρgσ
3 ∼=

∫

∞

0

gρgσ
3dg ,

=
c

2a
exp[−aḡ2] +

cḡ

2

√

π

a
[erf(

√
aḡ) + 1] .

(6)

Taking a and ḡ as input parameters and knowing x1, we
can determine c from eqs.(3) and (6).

Now we consider the association of ions at the micelles.
As in polyelectrolyte-surfactant complexes, electrostatic in-
teraction between micelles and the ionic solution leads to
association of ng ions at the micelle surface. The net num-
ber of charged sites of a micelle of size g is,

Zg = |p− n|g . (7)

This obviously can represent a positive or negative charge,
accordingly p > n or p < n, respectively. Denoting the
number of associated ions on a given micelle by ng, the cor-
responding association fraction is mg = ng/Zg. Of course
we may have p = n, in which case there is no net charge in
the micelle and no ion association. At this point we make
another approximation. Although we have polidispersiv-
ity in micelle size, we assume that mg is the same for all
micelles, that is, mg = y is independent of g.

3 The Helmholtz free energy for

micelles

The free energy of micelles is constructed only with the sur-
factant and salt in the system. Polyelectrolyte chains are
considered later. Conservation of total number of particles
implies for surfactant molecules the following relations,

ρ1f = ρ1 − x1ρ1 ,

ρ2f = ρ2 − x2ρ2 ,

ρ3f = ρ3 − x3ρ3 , (8)

where ρ1f is the number density of free cationic surfactants,
and analogously for ρ2f and ρ3f . We have similar expres-
sions for the de density ρ+ of free positive ions and ρ− of
free negative ions. If p > n,

ρ+ = ρs + ρ2 ,

ρ− = ρs + ρ1 −
∑

g

ngρg ,

= ρs + ρ1 − y|p− n|x1ρ1
p

. (9)

If p < n,

ρ+ = ρs + ρ2 −
∑

g

ngρg ,

= ρs + ρ2 − y|p− n|x1ρ1
p

,

ρ− = ρs + ρ1 , (10)
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where we have used,

∑

g

ngρg =
∑

g

mgZgρg = y|p− n|
∑

g

gρg ,

= y|p− n|x1ρ1
p

.

The inverse Debye screening length κ is defined in the usual
way as,

κ2 = 4πλB(ρ+ + ρ− + ρ1f + ρ2f ) , (11)

where λB = βq2/4πε is the Bjerrum lenght, β = 1/kT , and
k is the Boltzmann constant.

We write the Helmholtz free energy density for the sys-
tem of surfactants and micelles, f ≡ F/V , as a sum of
different contributions,

f = fid + fm . (12)

The ideal gas free energy is,

βfid = ρ+[ln ρ
∗

+ − 1] + ρ−[ln ρ
∗

−
− 1]

+ρ1f [ln ρ
∗

1f − 1] + ρ2f [ln ρ
∗

2f − 1]

+ρ3f [ln ρ
∗

3f − 1] +
∑

g

ρg[ln ρ
∗

g − 1] , (13)

with the reduced number density of species j given by the
dimensionless quantity ρ∗j = ρjσ

3. The free energy for the
micelle formation is,

fm = fel
m + f int

m . (14)

The electrostatic contribution describing the interaction
between the ionic solution and micelles is [1, 29, 30],

βfel
m = −

∑

g

βQ2

8πε

κ

1 + κRg
ρg ,

= −λB

2
|p− n|2(1− y)2κ

∑

g

g2ρg
1 + κRg

, (15)

where the charge of a micelle is, in modulus,

Q = (Zg − ng)q ,

= Zg(1−mg)q ,

= |p− n|g(1− y)q . (16)

The volume of a micelle with g surfactants is,

Vg =
4πR3

g

3
= gvm , (17)

where Rg is the radius of the micelle, and the volume vm
of one surfactant molecule in the micelle is,

vm =
π

6
σ3
m . (18)

We denote the mean diameter of a surfactant molecule in
a micelle by,

σm = pσ1 + nσ2 + (1− p− n)σ3 , (19)

with,

σ1 = z
1/3
1 σ , σ2 = z

1/3
2 σ , σ3 = z

1/3
3 σ . (20)

Therefore we may write the radius Rg of a micelle with g
surfactants as,

Rg =

(

3gvm
4π

)1/3

. (21)

We may also define an average size for surfactants in mi-
celles,

zm = pz1 + nz2 + (1− p− n)z3 . (22)

The internal free energy f int
m of micelles is,

f int
m = frep

m + fatt
m + fhy

m + fent
m . (23)

The electrostatic term is [1, 51],

βfrep
m =

∑

g

βQ2

8πεRg
ρg ,

=
λB

2
|p− n|2(1− y)2

∑

g

g2ρg
Rg

, (24)

describing the repulsive electrostatic interaction of a
charged sphere.

The free energy describing association of ions to micelles
is given by Bjerrum theory,

βfatt
m = −

∑

g

ρgZgmg ln(ζ2/σ
3) ,

= −|p− n|y ln(ζ2/σ3)
∑

g

gρg , (25)

with ζ2 the association constant of Bjerrum [1, 3, 20, 22,
23],
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ζ2 =
2πσ3

3t3
[

Ei(1/t)− Ei(2) + e2
]

−2πσ3

3
e1/t

[

2 +
1

t
+

1

t2

]

, (26)

valid for t < 0.5, with t = σ/λB .
The hydrophobic free energy is based on van der Waals

theory [16]-[18],[29, 30],

βfhy
m = −βavm

∑

g

g2

Vg
ρg

= −14πσ3
m

3
βεm

∑

g

g2

Vg
ρg , (27)

where εm is the well depth describing the average hy-
drophobic attraction between associated surfactants in a
micelle, and,

βavm = βεm(λ3 − 1)
2πσ3

m

3
, (28)

with λ = 2 describing the range of the hydrophobic inter-
action, given by a square well potential,

uhy
m =











∞ , r < σm ,

−εm , σm ≤ r ≤ λσm ,

0 , r > σm .

(29)

In our theory, as stated in the introduction, the hydropho-
bic energy εm in micelles is an adjustable parameter. We
choose λ = 2.

The entropic contribution is [52],

βfent
m =

∑

g

Zgρg[mg lnmg + (1−mg) ln(1−mg)] ,

= |p− n|[y ln y + (1− y) ln(1− y)]
∑

g

gρg .

(30)

This completes the free energy fm for micelles. The equi-
librium state is found minimizing the free energy f , eq.(12),
with respect to the variables x1, y.

4 The Helmholtz free energy for

polyelectrolyte complexes

We turn now our attention to the polyelectrolyte chains
and the complex formation with association of ions and

surfactants. Conservation of the total number of particles
in the system leads to the equations,

ρ1f = ρ1 −
∑

j

jρijkl − x1ρ1 ,

ρ2f = ρ2 −
∑

k

kρijkl − x2ρ2 ,

ρ3f = ρ3 −
∑

l

lρijkl − x3ρ3 . (31)

If p > n,

ρ+ = ρs + ρ2 + Zρp −
∑

i

iρijkl ,

ρ− = ρs + ρ1 −
∑

g

ngρg

= ρs + ρ1 − y|p− n|x1ρ1
p

. (32)

If p < n,

ρ+ = ρs + ρ2 + Zρp −
∑

i

iρijkl −
∑

g

ngρg ,

= ρs + ρ2 + Zρp −
∑

i

iρijkl − y|p− n|x1ρ1
p

,

ρ− = ρs + ρ1 . (33)

The values of x1 and y are found minimizing the free energy
of micelles, eq.(12). The inverse Debye screening lenght is
defined as before,

κ2 = 4πλB(ρ+ + ρ− + ρ1 + ρ2) . (34)

The Helmholtz free energy for polyelectrolyte complexes
is also a sum of terms,

fc = f id
c + fel

c + f int
c . (35)

We consider only very diluted solutions of polyelectrolytes
and low concentrations of surfactants, hence we neglect
the interactions between the polyelectrolyte chains, be-
tween micelles, and between polyelectrolyte chains and mi-
celles. The free energy is writen following the same ideas
of our previous work [16]-[18], based on the theories of
Debye-Hückel-Bjerrum-Manning and Flory theories. The
modifications we have to add is to consider polyeletrolyte-
surfactant complexes with four associated species, positive
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ions and the three surfactants, cationic, anionic and neu-
tral. The ideal free energy is,

βf id
c =

∑

ijkl

ρijkl[ln ρijkl − 1]

+ρ+[ln ρ
∗

+ − 1] + ρ−[ln ρ
∗

−
− 1]

+ρ1f [ln ρ
∗

1f − 1] + ρ2f [ln ρ
∗

2f − 1]

+ρ3f [ln ρ
∗

3f − 1] +
∑

g

ρg[ln ρ
∗

g − 1] . (36)

The electrostatic interaction between the chains and the
ionic solution is given by [16]-[18],

βfel
c = λB

∑

ijkl

ρijklp
2
ijklIijkl , (37)

where the net valence of a monomer in a ijkl-complex is,

pijkl = −1 +mi +mj −mk . (38)

We note that i and j tend to neutralize the charge of the
monomer, while k tends to increase the negative charge of
the monomer. Since l represents association of neutral sur-
factants, this does not contribute to the valence of the site.
The integral in eq.(37) is [16]-[18],

I =

∫ Z

0

(Z − x)
e−κr(x) − 1

r(x)
dx , (39)

with r(x) = σxγijkl . The constant γijkl is the end-to-end
exponent for a ijkl-complex, defined usually in polymer
theory [26, 27]. The internal free energy for the polyelec-
trolyte complex is given by the sum,

f int
c = fd

c + frep
c + fatt

c + fent
c + fhy

c + fhc
c . (40)

The deformation or elastic free energy is given by Flory
theory [26, 27],

βfd
c =

∑

ijkl

ρijkl

[

3

2
(α2

ijkl − 1)− 3 lnαijkl

]

, (41)

where αijkl = Rijkl/R0. The mean end to end distance of
a ijkl-complex is defined as,

Rijkl = σ(Z − 1)γijkl , (42)

where γijkl is the end to end exponent. The end to end
distance for an ideal chain is characterized by γ0 = 1/2,

R0 = σ(Z − 1)1/2 . (43)

The repulsive electrostatic interaction between monomers
is given by [16]-[18],

βfrep
c =

λB

σ

∑

ijkl

ρijklp
2
ijkl

Z−1
∑

n=1

Z − n

nγijkl
. (44)

The last sum is evaluated with the Euler-MacLaurin sum-
mation formula [53],

n−1
∑

k=1

F (k) =

∫ n

0

F (k)dk +
1

2
[F (0) + F (n)]

1

12
[F ′(n)− F ′(0)]

− 1

720
[F ′′′(n)− F ′′′(0)] + . . . (45)

We obtain,

Z−1
∑

n=1

Z − n

nγ
=

Z(Z1−γ − 1)

1− γ
− Z2−γ − 1

2− γ

+
1

2
(Z − 1) +

1

12

(

− 1

Zγ
+ Zγ + 1− γ

)

− 1

720
γ(γ + 1)×

×
(

− 3

Zγ+2
+ Z(γ + 2) + 1− γ

)

. (46)

In the above expression we have writen simply γ for γijkl.
Hence, for each ijkl-complex the sum in eq.(46) is done
with γijkl fixed. Then we sum over all complexes in eq.(44).

The attractive free energy represents the association of
charged ions and surfactants to the polyelectrolyte chain,

βfatt
c = −

∑

ijkl

ρijkl(i+ j) ln(ζ2/σ
3) . (47)

This term is analogous to eq.(25) in the free energy of mi-
celles. The association constant is given by eq.(26).

The entropic contribution is [11, 16],

βfent
c = Z

∑

ijkl

ρijkl[mi lnmi +mj lnmj

+mk lnmk +ml lnml

+(1−mi −mj −mk −ml)×
× ln(1−mi −mj −mk −ml)] , (48)

analogous to eq.(30).
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The hydrophobic free energy for complexes is,

βfhy
c = −

∑

ijkl

ρijklβajkl
(j + k + l)2

Vijkl
,

= −14π

3

∑

ijkl

ρijklσ
3
jklβεjkl

(j + k + l)2

Vijkl
, (49)

with

βajkl = βεjkl(λ
3 − 1)

2πσ3
jkl

3
,

=
14πσ3

jkl

3
βεjkl . (50)

The mean diameter of a surfactant molecule in the complex
is,

σjkl =
mjσ1 +mkσ2 +mlσ3

mj +mk +ml
, (51)

and the average hydrophobic energy between associated
surfactants in the polyelectrolyte complex is,

εjkl =
mjε1 +mkε2 +mlε3

mj +mk +ml
. (52)

The square-well potential representing the hydrophobic at-
traction is now,

uhy
c =











∞ , r < σjkl ,

−εjkl , σjkl ≤ r ≤ λσjkl ,

0 , r > σjkl .

(53)

The expressions eqs.(49), (50), (52) e (53) for
polyelectrolyte-surfactant complexes are analogous to the
expressions in eqs.(27)-(29), respectively, while eq.(51) is
analogous to eq.(19).

The hard core free energy for the excluded volume in-
teraction in a polyelectrolyte complex is [16]-[18],[29, 30],

βfhc
c =

2πσ3

3

∑

ijkl

ρijkl
Z2(1 +mi +mj +mk +ml)

2

Vijkl

−Z
∑

ijkl

ρijkl(mjz1 +mkz2 +mlz3) ln(1−Bjkl) ,

(54)

with,

Bjkl =
2πσ3

jkl

3

Z(mj +mk +ml)

Vijkl
. (55)

The first term is the virial expansion produced by the in-
teraction between the Z monomers of the polyelectrolyte
and the associated counterions and the hydrophilic head
groups of the surfactants. The last term is the free-volume
approximation for the hydrophobic neutral monomers of
the condensed surfactants.

The thermodynamics of the system is given by mini-
mizing the total Helmholtz free energy with respect to the
complex distribution ρijkl, as we have done before [16, 52].
The problem however is now more difficult, since in [52]
only one species associates, the positive ions, and in [16]
two species associate. Now we consider complexes with four

associating species. The number of possible complexes is
(z+1)(z+2)(z+3)(z+4)/24, which in the case of Z = 64
that we use here gives 814 385 complexes.

The free energy of complexes depends on all densities
and γ-exponents,

F = F (γijkl, Nijkl, N+, N−, N1f , N2f , N3f ) . (56)

Minimization of F with constraints, eqs.(31)-(33), leads to
the mass action law,

µijkl = µ0000 + iµ+ + jµ1f + kµ2f + lµ3f , (57)

or,

ρ∗ijkl = ρ∗0000(ρ
∗

+)
i(ρ∗1f )

j(ρ∗2f )
k(ρ∗3f )

l ×
× exp{β[µex

0000 − µex
ijkl

+iµex
+ + jµex

1f + kµex
2f + lµex

3f ]} . (58)

The equations for gamma’s are,

∂F

∂γijkl
= 0 . (59)

The equations (58) are solved iteratively, with an uniform
distribution as the initial distribution. The equations (59)
are solved numerically for each γ. Once the distribution
ρijkl is obtained, the important variables of the system are
obtained as average values. For example, the average end-
to-end exponent γ̄ is,

γ̄ =
∑

ijkl

γijklfijkl , (60)
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with fijkl the normalized fraction of complexes ijkl,

fijkl =
ρijkl
ρp

, (61)

and,

∑

ijkl

ρijkl = ρp . (62)

The average association fraction of ions on the complexes
is,

m̄i =
∑

ijkl

mifijkl =
1

Z

∑

ijkl

ifijkl , (63)

and analogously for m̄j , m̄k and m̄l. The average net va-
lence of a site on the polyelectrolyte chain is then,

p̄z =
∑

ijkl

pijklfijkl =
∑

ijkl

(−1 +mi +mj −mk)fijkl ,

= −1 + m̄i + m̄j − m̄k . (64)

5 Results and Conclusions

The hydrophobic energy interactions βε1, βε2, βε3 between
associated surfactants are the parameters adjusted for
given densities of polyelectrolyte, salt and surfactants. Fig-
ures 1-4 show some results obtained. Figures 1-3 show
the average end-to-end exponent γ̄, the average associa-
tion fractions, the average net valence p̄z of a site on the
complex, and the total average association fractions of sur-
factants, m̄j + m̄k + m̄l. The surfactant concentrations
used are slightly above the corresponding critical micelle
concentrations (CMC), so that the micelle formation is ex-
plicitly considered. The polyelectrolyte concentration is
much smaller than surfactant concentration, hence we ne-
glect interaction between polyelectrolyte chains and mi-
celles. We use Z = 64, ρm = 1µM, ρs = 1 mM, ρ1 = 1.1
mM, ρ2 = 2.2 mM, ρ3 = 1mM. The size of surfactant
chains are za1 = 16, za1 = 14, za1 = 10, and the val-
ues of CMC’s are 1 mM, 2.1 mM, and 0.9 mM. These val-
ues correspond approximately to the values for the cationic
surfactant hexadecyltrimethylammonium bromide, the an-
ionic surfactan sodium tetradecyl sulfate, and the neutral
surfactant penta(ethyleneglycol)monodecyl ether, respec-
tively. With these values we have p = 0.312, n = 0.395,
1−p−n = 0.293. The micelles are then negatively charged,
with the mean value Z̄g = |p− n|ḡ = 8.317 of net charged
sites. The hydrophobic energy parameter at micelles is

chosen as βεm = 0.382, where the micelles start to be
formed significantly. We obtain x1 = 0.112, x2 = 0.071,
x3 = 0.116, y ∼= 0.0168 and κσ = 0.0635. The mean
association number of positive ions associated on the mi-
celles is n̄g = Z̄gy ∼= 1.07. That is, the ionic association at
micelles is negligible. The mean size of surfactant in mi-
celles is zm = 13.45. The hydrophobic energy parameters
at polyelectrolyte-surfactant complexes, βε1, βε2, βε3, are
the adjustable parameters.

Figure 1 shows the results as functions of βε1, for
βε2 = βε3 = 0. We observe the coil-globule transition
of the polyelectrolyte extension at βε1 ∼= 0.335. Hence, for
βε1 . 0.335 de chain is extended, with more ions associ-
ated at the complexes than surfactants. For βε1 & 0.335
the association of cationic surfactants increases, the ions
are released in the solution, and the chain changes to a
globule state. The association of anionic and neutral sur-
factants is negligible. The cationic surfactant associates
more strongly to the chain, since there is the electrostatic
attraction besides hydrophobic attraction. The associa-
tion of anionic and neutral surfactants is negligible, hence
m̄j + m̄k + m̄l

∼= m̄j . We see that all functions are mono-
tonically increasing, as m̄j and p̄z, or decreasing, as γ̄ and
m̄i.

Figure 2 shows the results as functions of βε2, for
βε1 = βε3 = 0. We have also a transition from an ex-
tended state to a collapsed state, at βε2 ∼= 3.97. Hence,
for βε2 . 3.97 the chain is extended. For βε2 & 3.97 the
chain is collapsed. However, now we have new features
in surfactant association. As expected, the association of
anionic surfactants increases, which makes the chain more
negative, and the association of ions decreases. We have
also increasing in the association of cationic surfactants,
although βε1. This is due to electrostatic attraction, since
the chain becomes more negative we release of ions and
the association of negative surfactants. Now we have not
all functions monotonically. The functions γ̄ and m̄i are
monotonically decreasing, and m̄j , m̄k, and hence m̄j+m̄k

are monotonically increasing. However, p̄z first increases
at the transition, and then decreases. This occurs because
association of anionic surfactant makes the chain more neg-
ative, and we have a slight decrease in associated positive
ions.

Figure 3 shows the results as functions of βε3, for
βε1 = βε2 = 0. We have again a transition from a coil or
extended state to a collapsed state, at βε3 ∼= 2.31. Hence,
for βε2 . 2.31 the chain is extended. For βε2 & 2.31 the
chain is collapsed. We have also the association of cationic
surfactants, besides neutral surfactants. As βε3 increases,
neutral surfactant association increases and ion association
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decreases, which makes the chain more negative. This fa-
vors association of cationic surfactants. This effect, how-
ever, is a little smaller than in previous case. This may be
attributed to hard-core repulsion between associated sur-
factants. The anionic surfactant does not associate, since
βε2 = 0 and the negative charge makes the association very
difficult. The variations of the functions is similar to the
previous case, but the neutral surfactant associates more
strongly, since we do not have electrostatic repulsion.

Figure 4 shows the distribution of complexes as func-
tions of j, the associated number of cationic surfactants,
for four different values of βε1. The values of i, k, l are
fixed. This shows how the associated cationic surfactants
increases as βε1 increases, and the chain becomes in a col-
lapsed state from an elongated state, as shown in figure
1.

In conclusion, in a solution of flexible polyelectrolyte
chains with monovalent salt and three kinds of surfactants,
cationic, anionic and neutral, all of which can associate
to the polyelectrolyte chains, we observe a conformational
transition from an extended state to a collapsed state, as
the hydrophobic interaction energies increase. First, in-
creasing βε1 with βε2 and βε3 zero, the chain collapses
at βε1 ∼= 0.335, and the only surfactant associating is the
cationic. This is expected, since the cationic surfactant as-
sociates due to electrostatic and hydrophobic attractions.
Increasing βε2 with βε1 and βε3 zero, we observe the same
kind of conformational transition, now at βε2 ∼= 3.97. We
have association of anionic and cationic surfactants, this
last effect due to electrostatic attraction, since the chain
become more negative with association of anionic surfac-
tants and release of positive ions, which favors association
of the cationic surfactant. Increasing βε3 with βε1 and
βε2 zero, the same conformational transition is observed,
this time at βε3 ∼= 2.31. we have the increasing of neutral
surfactant association, as expected, but also association of
cationic surfactants. This is due to release of positive ions.
This effect, however, is smaller than in the previous case,
since association of neutral surfactants does not makes the
chain more negative, only replaces the positive ions.

Therefore, cationic surfactant always associate to the
anionic polyelectrolyte chain in the extended-collapsed
transition, even if βε1 = 0. This is due to the positive
charge of this surfactant, hence the electrostatic attraction
to chains is allways present. The association of anionic sur-
factant occurs only if βε2 6= 0, and this facilitates the asso-
ciation of cationic surfactant, since the chain becomes more
negative and also occurs a release of positive ions. The as-
sociation of neutral surfactant also occurs only if βε3 6= 0,
and this also facilitates association of cationic surfactant

to the chain, due to replacement of positive ions, but this
effect is smaller than the previous one. The respective hy-
drophobic interactions for the three kinds of surfactants in
the complexes at the transition are estimated.
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Fig. 1. Results as functions of βε1, for βε2 = βε3 = 0. (a)
γ̄; (b) m̄i (black), m̄j (red), m̄k
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