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Abstract. Isotherm association curves are evaluated for solutions of
hemoglobin and mioglobin. The association of oxygen is cooperative in
hemoglobin, which reflects in the sigmoidal association curve, while in mioglobin
the oxygen association is noncooperative, since there is only one site. This
fact implies a hyperbolic association curve. Internal partition functions of
associated molecules in both cases are estimated as fitting parameters, and in
the hemoglobin case an additional parameter is needed, in order to describe
the cooperative association of oxygen.

1 Introduction

Solutions of macromolecules are important systems in chemistry, physics and
biology [1]-[4]. Polyelectrolytes and colloids are examples of such systems,
and we may cite DNA molecules and proteins. One important feature in the-
ses systems is to determine the liquid charge of the macromolecule in equi-
librium. For cylindrical polyelectrolytes we have applied the Debye-Hückel-
Bjerrum and Manning ideas [5]-[20] to find the equilibrium isotherms [21]-
[29]. Systems of flexible molecules are also important and have been studied
extensively [30]-[38]. Isotherms for these systems have also been studied by
us [39]-[45].

A system that presents an important phenomenon of association is a pro-
tein solution. One of these systems is the hemoglobin and mioglobin proteins
in solution [46]-[48]. The molecules that can associate are oxygen, carbon
dioxyde and positive ions. Other species can associate, but we consider here
only these three kinds of species. Hemoglobin is a protein molecule with
molecular mass equal to 64000 Da. The effective diameter is 55 Å, approx-
imating the molecule as a sphere. Mioglobin has molecular mass equal to
16700 Da and an effective diameter of 42 Å. Hemoglobin has four sites at
which can associate O2, CO2 or H+ ions. Mioglobin has one site. The asso-
ciation in the two molecules shows a sharp distinction in that association of
O2 in hemoglobin is found to be cooperative, that is, after one O2 molecule
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associates, the following has an increased probability of association. Hence,
the association of molecules in the four sites are not independent from each
other. Since mioglobin has only one site, cooperativity is not possible in this
case. As shown below, these caractheristics of the molecules reflect in the
form of association curves. The association isotherm of O2 in hemoglobin is
sigmoidal, while in mioglobin the curve is hyperbolic.

2 Hemoglobin-oxygen association

The system considered here consists of an aqueous solution with hemoglobin
molecules, monovalent salt, and dissolved oxygen and carbon dioxyde. The
hemoglobin molecules are approximated as spherical particles with four asso-
ciating sites, at which can associate positive ions, oxygen and carbon dioxyde.

The association of different kinds of molecules to hemoglobin leads to
formation of complexes with i O2 molecules, j H+ ions, and k CO2 molecules.
Denoting the number density of ijk complex as ρijk = Nijk/V , where Nijk is
the number of ijk complexes and V is the volume of the solution. We have
the normalization condition,

∑

ijk

ρijk = ρHb , (1)

with the number density of hemoglobin molecules given by ρHb. We can
verify that there are 35 possible complexes ijk. The conservation of particle
number of the other species leads to the equations,

ρO2,f = ρO2
−

∑

ijk

iρijk ,

ρ+ = ρs −
∑

ijk

jρijk ,

ρ− = ρs ,

ρCO2,f = ρCO2
−
∑

ijk

kρijk , (2)

where the number density of oxygen molecules is ρO2
, of monovalent salt

molecules (ionic pairs) is ρs, and of carbon dioxyde molecules is ρCO2
. The

number densities of free oxygen molecules is ρO2,f , of free carbon dioxyde
molecules is ρCO2,f , of free positive ions is ρ+, and of free negative ions is ρ−.

The Helmholtz free energy is approximated as a sum, following the pro-
cedure in [21],
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F = Fid + Fex , (3)

with the excess free energy,

Fex = Fent + Fass + Fcoop . (4)

The ideal free energy is defined as usual as,

βFid =
∑

ijk

Nijk[ln ρ
∗

ijk − 1] +NO2,f [ln ρ
∗

O2,f
− 1]

+N+[ln ρ
∗

+ − 1] +N−[ln ρ
∗

−
− 1]

+NCO2,f [ln ρ
∗

CO2,f
− 1] , (5)

with ρ∗n = ρnσ
3 the dimensionless reduced number density of species n. The

diameter σ = 3 Å corresponds to a typical ionic size. The entropic free energy
describes the number of possible configurations of associated molecules in
hemoglobin,

βFent = Z
∑

ijk

Nijk[mi lnmi +mj lnmj +mk lnmk

+(1−mi −mj −mk) ln(1−mi −mj −mk)] , (6)

where Z = 4 and the association fractions are mi = i/Z, mj = j/Z and
mk = k/Z. In the following we evaluate mainly mi, which will be denoted
simply as m, the association fraction of oxygen molecules. The association
free energy is [1], [6]-[8],

βFass = −
∑

ijk

Nijk[i ln ζO2
+ j ln ζH+ + k ln ζCO2

] , (7)

where the ζ’s represent internal partition functions of the corresponding
molecules. Finally, the cooperative free energy is [22],

βFcoop = −
∑

ijk

Nijki
2βε , (8)

which describes the cooperativity in association of oxygen molecules. The
energy parameter ε is a fitting parameter, as the ζ’s.

The configuration equilibrium of the system for given densities and tem-
perature are obtained through the minimization process, that gives the mass
action law,
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µijk = µ000 + iµO2,f + jµ+ + kµCO2,f , (9)

where the µ’s are the chemical potentials defined in the usual way for species
n as µn = ∂F/∂Nn. From this equation we obtain the complex distribution,

ρ∗ijk = ρ∗000(ρ
∗

O2,f
)i(ρ∗+)

j(ρ∗CO2,f
)k ×

× exp{−β[µex
ijk − µex

000 − iµex
O2,f

− jµex
+ − kµex

CO2,f
]} . (10)

These equations are solved iteratively for given densities and temperature.
We construct the isotherm association curves after evaluating the complex

distribution ρijk given in (10). To do this we define the saturations Si,

Si =
1

ρHb

∑

jk

ρijk , i = 0, 1, 2, 3, 4, (11)

that is,

S0 =
1

ρHb

∑

jk

ρ0jk , etc.

Hence, the saturation Si represents the fraction of complexes with imolecules
of O2 associated at hemoglobin. We can see that the saturations are normal-
ized,

∑

i

Si = 1 . (12)

The average association fraction m of O2 is defined, as we already have
seen, given by,

m =
1

ZρHb

∑

ijk

iρijk . (13)

We could also define the association fractions of H+ and CO2, although our
principal concern here is oxygen association. The saturations and the associ-
ation fraction of oxygen in hemoglobin are shown in figures 1 and 2 for some
parameters. The curves are sigmoidal, as we have pointed in the introduction,
which is typical of a cooperative association.

In association problems of molecules in solution is usual to define the Hill
coefficient n, given by the inclination of the curve of ln m/(1−m) as function
of ln ρO2

(M) [46]-[48]. The value of n is usually less than the total number of
association sites. We obtain the value n = 3.35 for the parameters in figure
3.
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3 Mioglobin-oxygen association

The association in mioglobin occurs only at one site, hence we have no co-
operative association. The complex distribution ρijk has only four densities,

ρ000 , ρ100 , ρ010 , ρ001 . (14)

The saturations for oxygen association are then only S0 and S1,

S0 =
1

ρHb

[ρ000 + ρ010 + ρ001] , S1 =
1

ρHb

ρ100 . (15)

We have again S0+S1 = 1. The association curves in figure 4 are hyperbolic,
as expected. The Hill coefficient obtained in figure 5 is ∼= 1, as we expect in
a noncooperative association.

The Helmholtz free energy is completely analogous to the Hemoglobin
case, with the important difference of no ε term, since we have no cooperative
association of oxygen. Equation (10) is still applicable, with less complex
densities.

4 Results and Conclusions

Figures 1-3 show the results for oxygen association in hemoglobin. We use
the parameters ρs = ρCO2

= 1 mM, ρHb = 10−4 M, βε = 6, ln ζO2
= 4.9,

ln ζH+ = ln ζCO2
= 3, T = 25oC. Although these values are only representa-

tive, they give an order of estimative of the parameters. We note mainly the
energy parameter ε, that represents the cooperative association of oxygen in
hemoglobin.

Figures 4,5 show the results for association of oxygen at mioglobin. We
have the main difference of only one association site, hence we have no co-
operative association. The complex distribution ρijk has only four densities,
and the saturations are S0 and S1. The association curves in figure 4 are
hyperbolic, as expected. The Hill coefficient obtained in figure 5 is ≈ 1, as
we expect in a noncooperative association. We use ρs = ρCO2

= 1 mM,
ρMb = 10−4 M, ln ζO2

= 12, ln ζH+ = ln ζCO2
= 3, T = 25oC. We note that

the ln ζO2
is greater than in the Hb case, as expected, since with only one site

the association is less favored. These values, however, are only representative
and show an estimative.
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Fig. 1. Association isotherms, i.e., saturations of oxygen association in
hemoglobin, given in eq.(11). The numbers represent the corresponding num-
ber of oxygen associated.
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Fig. 2. Average association fraction m of oxygen molecules in hemoglobin.

6



-7.5 -7 -6.5 -6
lnρ

O
2

(M)

-4

-2

0

2

4
ln

 m
/(

1
-m

)

n=3.35

Fig. 3. Graphic showing ln m/(1−m) as function of ln ρO2
(M) in hemoglobin.

The inclination of the curve, after a linear regression is done, is the Hill co-

efficient n.
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Fig. 4. Association isotherms, i.e., saturations of oxygen association in
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mioglobin, given in eq.(15). The numbers represent the corresponding num-
ber of oxygen associated.
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Fig. 5. Graphic showing ln m/(1−m) as function of ln ρO2
(M) in mioglobin.

The inclination of the curve, after a linear regression is done, is the Hill

coefficient n.
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