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Abstract

We study a relativistic particle in curved four dimensional space-

time as a free particle in five dimensional Minkowski space-time. The

analysis is made in the context of constrained systems. The Einstein

model and the de Sitter model are taken as examples of four dimen-

sional curved spaces in five dimensional Minkowski space-time.
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1 Introduction

2 The Einstein Model

The Einstein model E4 is the four dimensional curved space-time that may
be defined by the line element [1],
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ds2 = c2dt2 − R2

R2 − r2
dr2 − r2dθ2 − r2sin2θ dϕ2 , (1)

with coordinates t, r, θ, ϕ, and R a fixed constant with r < R. The corre-
sponding metric tensor is

gµν =













c2 0 0 0

0 − R2

R2 − r2
0 0

0 0 −r2 0
0 0 0 −r2 sin2 θ













, (2)

with µ, ν = t, r, θ, ϕ.
The Christoffel symbols of the first kind are defined by [2]-[6].

Γµνλ =
1

2
[gµλ,ν + gνλ,µ − gµν,λ] . (3)

For the above metric we find,

Γrrr = − rR2

(R2 − r2)2
,

Γθθr = −Γrθθ = +r ,

Γϕϕr = −Γrϕϕ = +r sin2 θ ,

Γϕϕθ = −Γθϕϕ = +r2 sin θ cos θ . (4)

The Riemann-Christoffel curvature tensor is defined by [2]-[6],

Rµνλκ = Γνκµ,λ − Γνλµ,κ + gαβΓνλβΓµκα − gαβΓνκβΓµλα , (5)

where the summation convention is used. In our case there are three non-zero
independent components, namely

Rrθrθ = − r2

R2 − r2
,

Rrϕrϕ = − r2sin2 θ

R2 − r2
,

Rθϕθϕ = −r4sin2 θ

R2
. (6)

The Ricci tensor is defined by [2]-[6],

Rµν = gαβRαµβν , (7)
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and we have three non-zero independent components,

Rrr = +
2

R2 − r2
,

Rθθ = +
2r2

R2
,

Rϕϕ = +
2r2sin2 θ

R2
. (8)

Hence

RµνR
µν =

12

R4
. (9)

The scalar curvature is denoted by R∗ to avoid confusion with the con-
stant R,

R∗ = gµνRµν = − 6

R2
. (10)

The geodesic equations in these coordinates are

d2t

dp2
= 0 ,

d2r

dp2
+

r

R2 − r2

(

dr

dp

)2

− (R2 − r2)r

R2

[

(

dθ

dp

)2

+ sin2 θ

(

dϕ

dp

)2
]

= 0 ,

d2θ

dp2
+

2

r

dr

dp

dθ

dp
− sin θ cos θ

(

dϕ

dp

)2

= 0 ,

d2ϕ

dp2
+

2

r

dr

dp

dϕ

dp
+ 2 cot θ

dθ

dp

dϕ

dp
= 0 , (11)

where p is an arbitrary parameter.

3 Curvilinear coordinates leading to the Ein-

stein model

We consider a five dimensional Minkowski space-time M5 with coordinates
zµ, µ = 1, . . . , 5. The line element is given by

ds2 = (dz1)2 − (dz2)2 − (dz3)2 − (dz4)2 − (dz5)2 = (dz1)2 −
5

∑

i=2

(dzi)2 , (12)
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or

ds2 =
5

∑

µ,ν=1

ηµνdz
µdzν , (13)

where the metric tensor is

ηµν =













1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1













. (14)

The indexes µ, ν, . . . run from 1 to 5, and i, j, . . . from 2 to 5, unless otherwise
explicitly stated.

A possible parametrization of the Einstein model in five dimensions is
[7, 8]

z1 = c t ,

z2 = (R2 − r2)1/2 ,

z3 = r cos θ ,

z4 = r sin θ cosϕ ,

z5 = r sin θ sinϕ , (15)

with R a constant and r < R. Substituting (15) in (13) we obtain the metric
of E4, eq.(2).

Now we look for a coordinate transformation to a set of five curvilinear
coordinates qµ, µ = 1, . . . , 5, with four of them describing the Einstein model
as a surface, and one normal coordinate that can be used to define the surface.
At first sight it appears that equations (15) will suffice if we consider R as a
coordinate. We see that this does not works.s

The line element in the new coordinates t, R, r, θ, ϕ is

ds2 = c2 dt2 − R2

R2 − r2
dR2 − R2

R2 − r2
dr2

+
2rR

R2 − r2
dr dR− r2 dθ2 − r2 sin2 θ dϕ2 . (16)

The coordinate R is not normal to the others, since there is the term in
dr dR. The metric tensor in these curvilinear coordinates is therefore
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gµν =



















c2 0 0 0 0

0 − R2

R2 − r2
+

rR

R2 − r2
0 0

0 +
rR

R2 − r2
− R2

R2 − r2
0 0

0 0 0 −r2 0
0 0 0 0 −r2 sin2 θ



















, (17)

with inverse

gµν =

























1

c2
0 0 0 0

0 −1 − r

R
0 0

0 − r

R
−1 0 0

0 0 0 − 1

r2
0

0 0 0 0 − 1

r2 sin2 θ

























. (18)

If dR = 0 in (16) we obtain equation (1). The four dimensional Einstein
model is obtained from the five dimensional Minkowski space-time as the
embedding of the surface defined by R = constante in (15), or equivalently,
in terms of zµ coordinates, by the equation

5
∑

i=2

(zi)2 −R2 = 0 , (19)

with R constant. The embedding of curved spaces in flat spaces with larger
dimensionality is an important area of study in geometry since a long time
[9, 10].

We note that the Einstein model can be defined by eq.(19) in Minkowski
coordinates, which here are the analogous of Cartesian coordinates in Eu-
clidean space, independently of what set of curvilinear coordinates we use.
In particular, the coordinate transformation defined in (15) is not convenient
for our purposes, as we will see later, since the correponding metric tensor
(16) is not diagonal. A more useful set of coordinates is one with a normal
coordinate that can be used to define the surface E4 in M5. The equation
(19) must still be satisfied, of course. The space-time and its invariants, like
the scalar curvature, will remain unchanged.

Now we look for a transformation that satisfy (19), but with one coordi-
nate normal to the surface E4. Hence we define
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z1 = c t ,

z2 =
√

r0 +R2 sin θ sinϕ cosα ,

z3 =
√

r0 +R2 sin θ sinϕ sinα ,

z4 =
√

r0 +R2 sin θ cosϕ ,

z5 =
√

r0 +R2 cos θ , (20)

with R constant again. The curvilinear coordinates are t, r0, θ, ϕ, α. We
have

r0 =
5

∑

i=2

(zi)2 −R2 , (21)

and equation (19) is again satisfied if we choose r0 = 0. In these coordinates
the line element is

ds2 = c2 dt2 − dr2
0

4Q

−Q[dθ2 + sin2 θ dϕ2 + sin2 θ sin2 ϕdα2] , (22)

with Q = r0 +R2. The metric is diagonal,

gµν =

















c2 0 0 0 0

0 − 1

4Q
0 0 0

0 0 −Q 0 0
0 0 0 −Q sin2 θ 0
0 0 0 0 −Q sin2 θ sin2 ϕ

















, (23)

with µ, ν = t, r0, θ, ϕ, α. The surface E4 is defined if r0 is constant, hence
dr0 = 0 and we obtain the line element

ds2 = c2 dt2 −Q[dθ2 + sin2 θ dϕ2 + sin2 θ sin2 ϕdα2] , (24)

and the metric

gµν =









c2 0 0 0
0 −Q 0 0
0 0 −Q sin2 θ 0
0 0 0 −Q sin2 θ sin2 ϕ









, (25)
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with now µ, ν = t, θ, ϕ, α. Now r0 is a constant defining the surface. The
above metric still represents the Einstein model E4. Evaluating the Christof-
fel symbols we obtain

Γϕϕθ = −Γθϕϕ = +Q sin θ cos θ ,

Γααϕ = −Γϕαα = +Q sin2 θ sinϕ cosϕ ,

Γααθ = −Γθαα = +Q sin θ cos θ sin2 ϕ , (26)

The non-zero components of the Riemann tensor are

Rθϕθϕ = −Q sin2 θ ,

Rθαθα = −Q sin2 θ sin2 ϕ ,

Rϕαϕα = −Q sin4 θ sin2 ϕ , (27)

and of the Ricci tensor,

Rθθ = 2 ,

Rϕϕ = 2 sin2 θ ,

Rαα = 2 sin2 θ sin2 ϕ . (28)

With this we find

RµνR
µν =

12

Q2
=

12

(r0 +R2)2
, (29)

and the scalar curvature

R∗ = − 6

Q
= − 6

r0 +R2
, (30)

which agree with (9) and (10) for r0 = 0.
The geodesic equations for E4 in this coordinate system are

d2t

dp2
= 0 ,

d2θ

dp2
− sin θ cos θ

[

(

dϕ

dp

)2

+ sin2 ϕ

(

dα

dp

)2
]

= 0 ,

d2ϕ

dp2
+ 2 cot θ

dθ

dp

dϕ

dp
− sinϕ cosϕ

(

dα

dp

)2

= 0 ,

d2α

dp2
+ 2 cot θ

dθ

dp

dα

dp
+ 2 cotϕ

dϕ

dp

dα

dp
= 0 , (31)
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where p is a parameter of the orbit. The above equations look diferent from
eqs.(11), as it is expected, since they refer to diferent curvilinear coordinate
systems in E4.

4 The de Sitter Model

We consider now an example of a space-time whose definition as a surface in
M5 involves the time coordinate, the de Sitter model. We proceed here in
an analogous way as in the previous sections. The de Sitter model S4 is the
four dimensional curved space-time that may be defined by the line element
[1]

ds2 =
R2 − r2

R2
c2dt2 − R2

R2 − r2
dr2 − r2dθ2 − r2sin2θ dϕ2 , (32)

with coordinates t, r, θ, ϕ, and R a fixed constant with r < R. The corre-
sponding metric tensor is

gµν =















R2 − r2

R2
c2 0 0 0

0 − R2

R2 − r2
0 0

0 0 −r2 0
0 0 0 −r2 sin2 θ















, (33)

with µ, ν = t, r, θ, ϕ.
The Christoffel symbols of the first kind are

Γttr = −Γrtt = +
rc2

R2
,

Γrrr = − rR2

(R2 − r2)2
,

Γθθr = −Γrθθ = +r ,

Γϕϕr = −Γrϕϕ = +r sin2 θ ,

Γϕϕθ = −Γθϕϕ = +r2 sin θ cos θ . (34)

The non-zero components of the Riemann-Christoffel curvature tensor are
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Rtrtr = +
c2

R2
,

Rtθtθ = +
r2c2

R4
(R2 − r2) ,

Rtϕtϕ = +
r2c2

R4
(R2 − r2)sin2 θ ,

Rrθrθ = − r2

R2 − r2
,

Rrϕrϕ = − r2

R2 − r2
sin2 θ ,

Rθϕθϕ = − r4

R2
sin2 θ . (35)

The Ricci tensor has as non-zero independent components,

Rtt = −3c2

R4
(R2 − r2) ,

Rrr = +
3

R2 − r2
,

Rθθ = +
3r2

R2
,

Rϕϕ = +
3r2sin2 θ

R2
. (36)

Therefore,

RµνR
µν = +

36

R4
. (37)

The scalar curvature is,

R∗ = gµνRµν = − 12

R2
. (38)

The geodesic equations for S4 in this coordinate system are
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d2t

dp2
− 2 r

R2 − r2
dr

dp

dt

dp
= 0 ,

d2r

dp2
− (R2 − r2)c2 r

R4

(

dt

dp

)2

+
r

R2 − r2

(

dr

dp

)2

−(R2 − r2)r

R2

[

(

dθ

dp

)2

+ sin2 θ

(

dϕ

dp

)2
]

= 0 ,

d2θ

dp2
+

2

r

dr

dp

dθ

dp
− sin θ cos θ

(

dϕ

dp

)2

= 0 ,

d2ϕ

dp2
+

2

r

dr

dp

dϕ

dp
+ 2 cot θ

dθ

dp

dϕ

dp
= 0 , (39)

where p is an arbitrary parameter.

5 Curvilinear coordinates leading to de Sitter

model

As before we consider a five dimensional Minkowski space-time M5 with
coordinates zµ, µ = 1, . . . , 5. The metric is given by eq.(12) or equivalently
by (14).

We have as a possible parametrization of S4 inM5 the following equations
[7, 8],

z1 = (R2 − r2)1/2 sinh (c t/R) ,

z2 = (R2 − r2)1/2 cosh (c t/R) ,

z3 = r cos θ ,

z4 = r sin θ cosϕ ,

z5 = r sin θ sinϕ , (40)

with R a constant and r < R. The coordinates of S4 are t, r, θ, ϕ, the constant
R being just a parameter. The parametrization (40) satisfy

−(z1)2 +
5

∑

i=2

(zi)2 = R2 , (41)

which can be seen as a definition of S4 in M5 implicitly. We may also write
this as
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f(z) ≡ −(z1)2 +
5

∑

i=2

(zi)2 −R2 = 0 . (42)

Equations (41) or (42) can be considered as the definition of de Sitter model
as a surface in Minkowski space M5, independently of any curvilinear coor-
dinates.

As before, however, we search a coordinate transformation in M5 that
leads to a curvilinear set, with four coordinates describing the surface S4, and
a normal coordinate. The value of the normal coordinate may be used to
define the surface. As a first attempt we could consider R as new coordinate,
and the equation (40) would then define a transformation from z to five
curvilinear coordinates. However, this does not works here, similarly to the
previous sections. The reason is that R is not a normal coordinate to the
surface S4. Furthermore, the metric tensor gµν obtained in this way has no
inverse. The line element in the new coordinates is

ds2 =
R2 − r2

R2
c2 dt2 − R2

R2 − r2
dr2 − 2 (R2 − r2)c2 t

R3
dt dR

+
(R2 − r2)

R4
c2t2dR2 − r2 dθ2 − r2 sin2 θ dϕ2 . (43)

Taking R constant we obtain (32), as we want, but R is not normal to the
other coordinates, since we have the term in dtdR. The metric tensor in the
curvilinear coordinates t, R, r, θ, ϕ is then

gµν =























+
(R2 − r2)

R2
c2 −(R2 − r2)c2 t

R3
0 0 0

−(R2 − r2)c2 t

R3
+
(R2 − r2)

R4
c2 t2 0 0 0

0 0 − R2

R2 − r2
0 0

0 0 0 −r2 0
0 0 0 0 −r2 sin2 θ























.

(44)
We can see that the above matrix has no inverse, since det(gµν)=0.

Therefore we define another transformation from zµ to five curvilinear
coordinates,
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z1 = (R2 − r2)1/2 r0 sinh (c t/R) ,

z2 = (R2 − r2)1/2 r0 cosh (c t/R) ,

z3 = r0 r cos θ ,

z4 = r0 r sin θ cosϕ ,

z5 = r0 r cos θ sinϕ , (45)

with R constant again and r < R. The curvilinear coordinates are t, r0, r,
θ, ϕ. We have

−(z1)2 +
5

∑

i=2

(zi)2 − (r0R)2 = 0 , (46)

and equation (40), or (42), is again satisfied if we choose r0 = 1. Note that
r0 is a dimensionless variable. In these coordinates the line element is

ds2 =
R2 − r2

R2
r2
0
c2 dt2 −R2 dr2

0

− R2

R2 − r2
r2
0
dr2 − r2

0
r2[dθ2 + sin2 θ dϕ2] . (47)

The metric is diagonal,

gij =



















R2 − r2

R2
r2
0
c2 0 0 0 0

0 −R2 0 0 0

0 0 − R2

R2 − r2
r2
0

0 0

0 0 0 −r2
0
r2 0

0 0 0 0 −r2
0
r2 sin2 θ



















. (48)

The surface S4 is defined if r0 is constant, hence dr0 = 0 and we obtain the
line element

ds2 =
R2 − r2

R2
r2
0
c2 dt2

− R2

R2 − r2
r2
0
dr2 − r2

0
r2[dθ2 + sin2 θ dϕ2] , (49)

with the metric
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gµν =















R2 − r2

R2
r2
0
c2 0 0 0

0 − R2

R2 − r2
r2
0

0 0

0 0 −r2
0
r2 0

0 0 0 −r2
0
r2 sin2 θ















. (50)

The above metric still represents the de Sitter model S4, and agrees with
(32) for r0 = 1. Evaluating the Christoffel symbols, the Riemann tensor and
the Ricci tensor, we obtain

RµνR
µν =

36

R4
, (51)

and the scalar curvature

R∗ = − 12

r2
0
R2

, (52)

which agree with (37) and (38) for r0 = 1.
The geodesic equations for S4 in this coordinate system are given again

by equations (39).

6 A relativistic particle as a constrained sys-

tem - Lagrangian and Hamiltonian formal-

ism

We consider here a relativistic particle in a four dimensional space-time, as
a free particle in the five dimensional Minkowski space-time M5. The four
dimensional space-time is defined as a surface given by a constraint equation.
The corresponding Lagrangian is therefore [13],

L = −mc2
√

ηµν żµżν + λf(z) , µ, ν = 1, . . . , 5. (53)

where ηµν is the metric tensor in Minkowski space-time M5 given by eq.(14).
We follow the procedure of Bergmann [13], just adding the equation of the
surface as a constraint [15]. The dot denotes derivative with respect to the
proper time τ 1,

1Bergmann uses a prime to denote derivatives with respect to the proper time, but we

prefer to use a dot.
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żµ =
dzµ

dτ
. (54)

We define the “proper time” τ with dimensions of length,

dτ 2 = ηµνdz
µdzν = c2dt2 −

5
∑

µ=2

(dzµ)2 , (55)

with z1 = ct. Bergmann [13] and many authors define the proper time with
dimensions of time. Since both definitions differ only by a constant factor,
this is not really important. We note that, dividing (55) by dτ 2 [13],

1 = ηµν
dzµ

dτ

dzν

dτ
= ηµν ż

µżν . (56)

The function f(z) defines the four dimensional space-time through the
equation of constraint

f(z) = 0 , (57)

as a surface in the five dimensional Minkowski space-time M5, and λ is a
Lagrange multiplier.

The derivatives of the Lagrangian are

∂L

∂żµ
= − mc2ηµν ż

ν

√

ηαβ żαżβ
,

∂L

∂λ̇
= 0 ,

∂L

∂zµ
= λ∂µf ,

∂L

∂λ
= f(z) . (58)

Noting that the square root above is unit, eq.(56), we see that żµ are the
contravariant components of a unit vector, and −pµ/mc2 are covariant com-
ponents of the same unit vector. In fact, only in this way we can solve for
the velocities [13],

żµ = − ηµνpν
√

ηαβpαpβ
= −ηµνpν

mc2
= − pµ

mc2
, (59)

where the canonical momenta are,

14



pµ =
∂L

∂żµ
= −mc2ηµν ż

ν ,

pλ =
∂L

∂λ̇
= 0 . (60)

The second equation will be a constraint in the Dirac formalism below. The
first equation allows solving for the velocities,

żµ = −ηνµpν
mc2

. (61)

Hence,

ηµν ż
µżν =

ηµνpµpν
(mc2)2

= 1 , (62)

Defining p by the relations,

p2 = ηµνpµpν ,

p =
√

ηµνpµpν . (63)

we obtain then,

p =
√

ηµνpµpν = mc2 . (64)

The Euler-Lagrange equations of motion are,

−mc2ηµν z̈
ν − λ∂µf = 0 ,

f(z) = 0 . (65)

Persistence of the constraint equation f = 0 leads to

(∂µf)ż
µ = 0 ,

(∂µ∂νf)ż
µżν + (∂µf)z̈

µ = 0 . (66)

Substituting z̈µ from (65) in the last of the above equations we determine λ,

λ =
mc2 (∂µ∂νf)ż

µżν

ηαβ(∂αf)(∂βf)
. (67)

The equations of motion for coordinates zµ then read
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z̈µ +
ηµν(∂νf)(∂α∂βf)ż

αżβ

ηγδ(∂γf)(∂δf)
= 0 , µ = 1, . . . , 5 . (68)

The canonical Hamiltonian is, using (60),

Hc = pµż
µ + pλλ̇− L ,

Hc = −ηνµpµpν
mc2

+
√

ηγνpγpν − λf(z) . (69)

The Hamiltonian equations of motion are,

żµ =
∂Hc

∂pµ
= −2ηµνpν

mc2
+

ηµνpν
p

= −ηµνpν
mc2

,

ṗµ = −∂Hc

∂zµ
= λ

∂f

∂zµ
,

λ̇ =
∂Hc

∂pλ
= 0 ,

ṗλ = −∂Hc

∂λ
= f(z) . (70)

Differentiating the first equation in (70) and using the second,

z̈µ = −ηµν ṗν
mc2

= − ηµν

mc2
λ
∂f

∂zν
. (71)

The expression for λ is obtained from persistence of the constraint, as before,

ḟ(z) = [f(z), Hc] =
∂f

∂zµ
[zµ, Hc] =

∂f

∂zµ
żµ ,

= − ∂f

∂zµ
ηµδpδ
mc2

= 0 . (72)

Evaluating the second derivative,

f̈(z) = −żα
∂2f

∂zα∂zµ
ηµδpδ
mc2

− ∂f

∂zµ
ηµδṗδ
mc2

,

=
ηαγpγ
mc2

∂2f

∂zα∂zµ
ηµνpν
mc2

− ∂f

∂zµ
ηµδ

mc2
λ
∂f

∂zδ
= 0 , (73)

where we used the equations of motion (70). Therefore λ is given by,
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λ =
1

ηµδ
∂f

∂zµ
∂f

∂zδ

1

mc2
ηαγpγ

∂2f

∂zα∂zµ
ηµνpν ,

=
1

ηµδ(∂µf)(∂δf)

1

mc2
ηαγpγ(∂α∂µf)η

µνpν . (74)

The above expression agrees with (67) once we substitute the p’s given by
(60),

λ =
mc2(∂µ∂νf)ż

µżν

ηµν(∂µf)(∂νf)
. (75)

Substituting now the above expression for λ in the equation of motion (71),
we obtain,

z̈µ +
ηµν(∂νf)(∂α∂βf)ż

αżβ

ηγδ(∂γf)(∂δf)
= 0 , µ = 1, . . . , 5 . (76)

which is identical to (68).

7 The Einstein model E4 as a surface in Minkowski

space M5

As a first example of a constrained particle we consider the Einstein model
E4 as a surface, whose defining equation is

f(z) ≡
5

∑

i=2

(zi)2 −R2 = 0 , R constant . (77)

Substituting (77) in (68) we obtain

z̈1 = 0 ,

z̈i +
zi

R2

5
∑

k=2

(żk)2 = 0 , i = 2, . . . , 5 . (78)

Now we can make the transformation from Minkowski coordinates to
curvilinear coordinates defined by eq.(20). The surface E4 is defined by r0 = 0
or, equivalently, by eq.(77). The equations of motion (78) become
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z̈1 = 0 → ẗ = 0 , (79)

i = 2 :

cos θ sinϕ cosα θ̈ + sin θ cosϕ cosα ϕ̈− sin θ sinϕ sinα α̈

+2 cos θ cosϕ cosα ϕ̇ θ̇ − 2 cos θ sinϕ sinα θ̇ α̇− 2 sin θ cosϕ sinα ϕ̇ α̇

−sin θ sinϕ cosα (ϕ̇2 + α̇2)

+sin3 θ sinϕ cosα (ϕ̇2 + sin2 ϕ α̇2) = 0 , (80)

i = 3 :

cos θ sinϕ sinα θ̈ + sin θ cosϕ sinα ϕ̈+ sin θ sinϕ cosα α̈

+2 cos θ cosϕ sinα ϕ̇ θ̇ + 2 cos θ sinϕ cosα θ̇ α̇ + 2 sin θ cosϕ cosα ϕ̇ α̇

−sin θ sinϕ sinα (ϕ̇2 + α̇2)

+sin3 θ sinϕ sinα (ϕ̇2 + sin2 ϕ α̇2) = 0 , (81)

i = 4 :

cos θ cosϕ θ̈ − sin θ sinϕ ϕ̈− 2 cos θ sinϕ ϕ̇ θ̇

−sin θ cosϕ ϕ̇2 + sin3 θ cosϕ (ϕ̇2 + sin2 ϕ α̇2) = 0 , (82)

i = 5 :

θ̈ − sin θ cos θ (ϕ̇2 + sin2 ϕ α̇2) = 0 , (83)

with dot meaning derivative with respect to proper time. The geodesic equa-
tions for the Einstein model in these coordinates are given by eqs.(31), with
p now being the proper time.

The equation for ẗ = 0 is the first equation in (31). The equation for
i = 5 is the second equation in (31).

Multiplying (80) by sinα, (81) by cosα and subtracting, we obtain

−sin θ sinϕ α̈− 2 cos θ sinϕ θ̇ α̇− 2 sin θ cosϕ ϕ̇ α̇ = 0 .

Dividing by −sin θ sinϕ we obtain the last equation in (31).
Multiplying (80) by cosα, (81) by sinα and adding, we have
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cos θ sinϕ θ̈ + sin θ cosϕ ϕ̈+ 2 cos θ cosϕ ϕ̇ θ̇

−sin θ sinϕ (ϕ̇2 + α̇2) + sin3 θ sinϕ (ϕ̇2 + sin2 ϕ α̇2) = 0 . (84)

Now we multiply (82) by sinϕ, (84) by cosϕ, and subtract, obtaining

−sin θ ϕ̈− 2 cos θ ϕ̇ θ̇ + sin θ sinϕ cosϕ α̇2 = 0 .

Dividing this by −sin θ we obtain the third equation in (31).

8 The de Sitter model S4 as a surface in Minkowski

space M5

We have seen that de Sitter model can be defined as a surface in M5 by the
equation

f(z) ≡ −(z1)2 +
5

∑

i=2

(zi)2 −R2 = 0 , R constant . (85)

Substituting this in (68) we obtain

z̈µ +
zµ

R2
[−(ż1)2 +

5
∑

k=2

(żk)2] = 0 , µ = 1, . . . , 5 . (86)

Now we can make the coordinate transformation defined in (45) fixing
r0 = 1. Explicitly we have

µ = 1 :
{−ṙ2 − rṙ

Q1/2
− r2ṙ2

Q3/2

}

sinh (c t/R)− 2 c rṙ ṫ

RQ1/2
cosh (c t/R)

+Q1/2

{

sinh (c t/R)
c2 ṫ2

R2
+ cosh (c t/R)

c ẗ

R

}

+
Q1/2

R2
sinh (c t/R)

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 ,(87)
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µ = 2 :
{−ṙ2 − rṙ

Q1/2
− r2ṙ2

Q3/2

}

cosh (c t/R)− 2 c rṙ ṫ

RQ1/2
sinh (c t/R)

+Q1/2

{

cosh (c t/R)
c2 ṫ2

R2
+ sinh (c t/R)

c ẗ

R

}

+
Q1/2

R2
cosh (c t/R)

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 ,(88)

µ = 3 :

cos θ r̈ − 2 sin θ ṙ θ̇ − r cos θ θ̇2 − r sin θ θ̈

+
r cos θ

R2

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 , (89)

µ = 4 :

sin θ cosϕ r̈ + 2 cos θ cosϕ ṙ θ̇ − 2 sin θ sinϕ ṙ ϕ̇− r sin θ cosϕ θ̇2

−2 r cos θ sinϕ θ̇ ϕ̇+ r cos θ cosϕ θ̈ − r sin θ cosϕ ϕ̇2 − r sin θ sinϕ ϕ̈

+
r sin θ cosϕ

R2

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 , (90)

µ = 5 :

sin θ sinϕ r̈ + 2 cosθ sinϕ ṙ θ̇ + 2 sin θ cosϕ ṙ ϕ̇− r sin θ sinϕ θ̇2

+2 r cos θ cosϕ θ̇ ϕ̇+ r cos θ sinϕ θ̈ − r sin θ sinϕ ϕ̇2 + r sin θ cosϕ ϕ̈

+
r sin θ sinϕ

R2

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 , (91)

with Q ≡ R2 − r2 and dot meaning derivative with respect to proper time.
The geodesic equations for the de Sitter model in these coordinates are given
by eqs.(39), with p now being the proper time.

Multiplying (71) by cosh (c t/R), (72) by sinh (c t/R), and subtracting,
we have

−2 r c ṙ ṫ

RQ1/2
+

Q1/2 c ẗ

R
= 0 .

Multiplying by R/cQ1/2 this becomes
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−2 r ṙ ṫ

Q
+ ẗ = 0 ,

which is exactly the first equation in (39).
Multiplying (74) by sinϕ, (75) by cosϕ, and subtracting, we obtain

−2 sin θ ṙ ϕ̇− 2 r cos θ θ̇ ϕ̇− r sin θ ϕ̈ = 0 .

Dividing this equation by −r sin θ,

2

r
ṙ ϕ̇+ 2 cot θ θ̇ ϕ̇+ ϕ̈ = 0 ,

that is, the last equation in (39).
Now we multiply (74) by cosϕ, (75) by sinϕ, and add, obtaining

sin θ r̈ + 2 cosθ ṙ θ̇ − r sin θ θ̇2 + r cos θ θ̈ − r sin θ ϕ̇2

+
r sin θ

R2

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 . (92)

Multiplying (73) by cos θ, (76) by sin θ, and adding we obtain

r̈ − r θ̇2 − r sin2 θ ϕ̇2

+
r

R2

{

R2 ṙ2

Q
− Qc2 ṫ2

R2
+ r2 θ̇2 + r2 sin2 θ ϕ̇2

}

= 0 ,

which reduces to the second equation in (39).
The third equation in (39) is obtained multiplying (73) by sin θ, (76) by

cos θ, and subtracting,

−2 ṙ θ̇ − r θ̈ + r cos θ sin θ ϕ̇2 = 0 ,

which reduces to the third equation in (39) after dividing by −r.

9 A relativistic particle as a constrained sys-

tem - Hamiltonian formalism and Dirac the-

ory

The canonical Hamiltonian is given by eq.(69),
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Hc = −ηνµpµpν
mc2

+
√

ηγνpγpν − λf(z) , (93)

and the canonical momenta by eq.(60),

pµ =
∂L

∂żµ
= −mc2ηµν ż

ν ,

pλ =
∂L

∂λ̇
= 0 . (94)

We see from the above relations that there is a primary constraint,

φ1 ≡ pλ ≈ 0 . (95)

Hence the total Hamiltonian is

HT = Hc + uφ1 ,

= −ηνµpµpν
mc2

+
√

ηγνpγpν − λf(z) + uφ1 ,

(96)

with u is another multiplier.
Persistence of φ1 gives the constraints

φ2 ≡ f(z) ≈ 0 ,

φ3 ≡ ηµνpµ ∂ν f ≈ 0 ,

φ4 ≡ λ ηµν(∂µf) (∂νf)−
1

mc2
ηµν ηαβ pµ pα(∂ν∂βf) ≈ 0 . (97)

The constraint φ4 ≈ 0 determines λ,

λ =
ηµν ηαβ pµ pα(∂ν∂βf)

mc2ηµν(∂µf)(∂νf)
, (98)

and persistence of φ4 determines u. The above expression for λ agrees with
(67) and (74). All constraints are second class.

The Dirac bracket is defined as,

{A,B}D = {A,B}P − {A, φi}P∆−1

ij {φj, B}P , (99)

with,
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∆ij = {φi, φj}P . (100)

Evaluating ∆ij,

{φ1, φ2}P = {pλ, f(z)}P = 0 , (101)

{φ1, φ3}P = {pλ, ηµνpµ ∂ν f}P = 0 , (102)

{φ1, φ4}P = {pλ, λ ηµν(∂µf) (∂νf)−
1

mc2
ηµν ηαβ pµ pα(∂ν∂βf)}P ,

= −ηµν(∂µf) (∂νf) ≡ −α ,

{φ2, φ3}P = {f(z), ηµνpµ ∂ν f} = (∂γf)η
µν{zγ , pµ}(∂ν f) ,

= (∂γf)η
µνδγµ(∂ν f) = (∂µf)η

µν(∂ν f) = α ,

{φ2, φ4}P = {f(z), λ ηµν(∂µf) (∂νf)−
1

mc2
ηµν ηαβ pµ pα(∂ν∂βf)} ,

= {f(z),− 1

mc2
ηµν ηαβ pµ pα(∂ν∂βf)} ,

= − 1

mc2
ηµν ηαβ{f(z), pµ} pα(∂ν∂βf)

− 1

mc2
ηµν ηαβ pµ{f(z), pα}(∂ν∂βf) ,

= − 1

mc2
ηµν ηαβ(∂γf){zγ, pµ} pα(∂ν∂βf)

− 1

mc2
ηµν ηαβ pµ(∂γf){zγ , pα}(∂ν∂βf) ,

= − 1

mc2
ηµν ηαβ(∂γf)δ

γ
µpα(∂ν∂βf)−

1

mc2
ηµν ηαβ pµ(∂γf)δ

γ
α(∂ν∂βf) ,

= − 1

mc2
ηµν ηαβ(∂µf)pα(∂ν∂βf)−

1

mc2
ηµν ηαβ pµ(∂αf)(∂ν∂βf) .

Changing the indexes µ and α, and β and ν in the last term,

{φ2, φ4}P = − 1

mc2
ηµν ηαβ(∂µf)pα(∂ν∂βf)−

1

mc2
ηαβ ηµν pα(∂µf)(∂β∂νf) ,

= − 1

mc2
ηµν ηαβpα[(∂µf)(∂ν∂βf) + (∂µf)(∂β∂νf)] .
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Changing now µ and ν in the last term,

{φ2, φ4}P = − 1

mc2
ηµν ηαβpα[(∂µf)(∂ν∂βf) + (∂νf)(∂β∂µf)] ,

= − 1

mc2
ηµν ηαβpα∂β[(∂µf)(∂νf)] ,

= − 1

mc2
ηαβpα∂β[α] .

To avoid confusion we change the index α,

{φ2, φ4}P = − 1

mc2
ηγβpγ∂βα ≡ −β .

The last bracket is,

{φ3, φ4}P = {ηµνpµ ∂ν f, λ ηµν(∂µf) (∂νf)−
1

mc2
ηµν ηαβ pµ pα(∂ν∂βf)}P ,

= . . . ≡ −γ .

The expression for γ is rather complicated, and since it will not appear in
the sequence we do not write it explicitly.

We obtain therefore for the above matrices,

∆ =









0 0 0 −α
0 0 α −β
0 −α 0 −γ
α β γ 0









, ∆−1 =









0 −γ/α2 β/α2 1/α
γ/α2 0 −1/α 0
−β/α2 1/α 0 0
−1/α 0 0 0









,

(103)
with,

α = ηµν(∂µf)(∂νf) , β =
1

mc2
ηµνpµ∂να . (104)

We may rewrite β,

β =
1

mc2
ηµνpµ∂να ,

=
1

mc2
ηµνpµ∂ν [η

γδ(∂γf)(∂δf)] ,

=
1

mc2
ηµνpµ[η

γδ(∂ν∂γf)(∂δf) + ηγδ(∂γf)(∂ν∂δf)] ,

=
2

mc2
ηµνηγδpµ(∂ν∂γf)(∂δf) . (105)
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Evaluating the Dirac brackets we obtain,

{zµ, zν}D = {zµ, zν}P − {zµ, φi}P∆−1

ij {φj, z
ν}P ,

= −{zµ, φ3}P∆−1

3j {φj, z
ν}P − {zµ, φ4}P∆−1

4j {φj, z
ν}P ,

= 0 , (106)

{zµ, λ}D = {zµ, λ}P − {zµ, φi}P∆−1

ij {φj, λ}P ,

= −{zµ, φ3}P∆−1

31
{φ1, λ}P − {zµ, φ4}P∆−1

41
{φ1, λ}P ,

= −{zµ, ηαβpα (∂β f)}P∆−1

31
{pλ, λ}P

−{zµ, λ ηαβ(∂αf) (∂βf)−
1

mc2
ηγδ ηαβ pγ pα(∂δ∂βf)}P ×

×∆−1

41
{pλ, λ}P ,

= −ηαβ{zµ, pα}P (∂β f)∆−1

31

− 1

mc2
ηγδ ηαβ{zµ, pγ}Ppα(∂δ∂βf)∆−1

41
,

− 1

mc2
ηγδ ηαβpγ{zµ, pα}P (∂δ∂βf)∆−1

41
,

= −ηαβδµα(∂β f)∆
−1

31

− 1

mc2
ηγδ ηαβδµγpα(∂δ∂βf)∆

−1

41
,

− 1

mc2
ηγδ ηαβpγδ

µ
α(∂δ∂βf)∆

−1

41
,

= −ηµβ(∂β f)∆
−1

31

− 1

mc2
ηµδ ηαβpα(∂δ∂βf)∆

−1

41
,

− 1

mc2
ηγδ ηµβpγ(∂δ∂βf)∆

−1

41
.

In the last term we interchange δ with β, and change γ by α,

{zµ, λ}D = −ηµβ(∂β f)∆
−1

31

− 1

mc2
ηµδ ηαβpα(∂δ∂βf)∆

−1

41
,

− 1

mc2
ηαβ ηµδpα(∂β∂δf)∆

−1

41
,

= −ηµβ(∂β f)∆
−1

31
− 2

mc2
ηµδ ηαβpα(∂δ∂βf)∆

−1

41
,

= −ηµβ(∂β f)

(

− β

α2

)

− 2

mc2
ηµδ ηαβpα(∂δ∂βf)

(

− 1

α

)

.
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To avoid confusion again, we change the indexes α and β,

{zµ, λ}D = −ηµν(∂ν f)

(

− β

α2

)

− 2

mc2
ηµδ ηνγpν(∂δ∂γf)

(

− 1

α

)

.

Substituting now the expression for β,

{zµ, λ}D =
1

α2

2

mc2
ηµν(∂ν f)η

ǫζηγδpǫ(∂ζ∂γf)(∂δf)

+
1

α

2

mc2
ηµδ ηνγpν(∂δ∂γf) ,

=
1

α2

2

mc2
[ηµν(∂ν f)η

ǫζηγδpǫ(∂ζ∂γf)(∂δf)

+αηµδ ηνγpν(∂δ∂γf)] .

Changing δ by ζ in the last term,

{zµ, λ}D =
1

α2

2

mc2
[ηµν(∂ν f)η

ǫζηγδpǫ(∂ζ∂γf)(∂δf)

+αηµζ ηνγpν(∂ζ∂γf)] ,

=
1

α2

2

mc2
(∂ζ∂γf)[η

µν(∂ν f)η
ǫζηγδpǫ(∂δf)

+αηµζ ηνγpν ] .

Interchanging ν and ǫ in the first term,

{zµ, λ}D =
1

α2

2

mc2
(∂ζ∂γf)[η

µǫ(∂ǫ f)η
νζηγδpν(∂δf)

+αηµζ ηνγpν ] ,

=
1

α2

2

mc2
(∂ζ∂γf)pν [η

µǫ(∂ǫ f)η
νζηγδ(∂δf)

+αηµζ ηνγ] .

We can interchange ζ and γ in the second term,

{zµ, λ}D =
1

α2

2

mc2
(∂ζ∂γf)pν [η

µǫ(∂ǫ f)η
νζηγδ(∂δf) + αηµγ ηνζ ] ,

=
1

α2

2

mc2
ηνζ(∂ζ∂γf)pν [η

µǫ(∂ǫ f)η
γδ(∂δf) + αηµγ ] ,

=
1

α2

2

mc2
ηνζ(∂ζ∂γf)pν [η

µǫ(∂ǫ f)η
γδ(∂δf) + αηµǫδγǫ ] ,

=
1

α2

2

mc2
ηνζ(∂ζ∂γf)pνη

µǫ[(∂ǫ f)η
γδ(∂δf) + αδγǫ ] .
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Defining the vector nµ,

nµ ≡ ∂µf√
α
, (107)

we have,

{zµ, λ}D =
1

α

2

mc2
ηνζ(∂ζ∂γf)pνη

µǫ[nǫη
γδnδ + δγǫ ] ,

=
1

α

2

mc2
ηνζ(∂ζ∂γf)pνη

µǫ[nǫn
γ + δγǫ ] . (108)

Continuing,

{zµ, pν}D = {zµ, pν}P − {zµ, φi}P∆−1

ij {φj, pν}P ,

= δµν − {zµ, φ3}P∆−1

32
{φ2, pν}P ,

= δµν − {zµ, ηαβpα (∂β f)}P∆−1

32
{f(z), pν}P ,

= δµν − ηαβ{zµ, pα}P (∂β f)∆−1

32
(∂γf){zγ, pν}P ,

= δµν − ηαβδµα(∂β f)∆
−1

32
(∂γf)δ

γ
ν ,

= δµν − ηµβ(∂β f)∆
−1

32
(∂νf) ,

= δµν − ηµβnβnν = δµν − nµnν , (109)

{zµ, pλ}D = {zµ, pλ}P − {zµ, φi}P∆−1

ij {φj, pλ}P = 0 , (110)

{λ, pν}D = {λ, pν}P − {λ, φi}P∆−1

ij {φj, pν}P ,

= −{λ, φ1}P∆−1

12
{φ2, pν}P − {λ, φ1}P∆−1

13
{φ3, pν}P

−{λ, φ1}P∆−1

14
{φ4, pν}P = . . . . (111)

The above result is very complicated and will not be used below, hence we
do not write it.

{λ, pλ}D = {λ, pλ}P − {λ, φi}P∆−1

ij {φj, pλ}P ,

= 1− {λ, φ1}P∆−1

14
{φ4, pλ}P ,

= 1− {λ, pλ}P∆−1

14
×

×{λ ηαβ(∂αf) (∂βf)−
1

mc2
ηγδ ηαβ pγ pα(∂δ∂βf), pλ}P ,

= 1−∆−1

14
{λ, pλ}Pηαβ(∂αf) (∂βf) ,

= 1− 1

α
{λ, pλ}Pα = 0 , (112)
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as expected, since pλ is a constraint. The next Dirac bracket is,

{pµ, pν}D = {pµ, pν}P − {pµ, φi}P∆−1

ij {φj, pν}P ,

= −{pµ, φ2}P∆−1

23
{φ3, pν}P − {pµ, φ3}P∆−1

32
{φ2, pν}P ,

= −{pµ, φ2}P∆−1

23
{φ3, pν}P + {pµ, φ3}P∆−1

23
{φ2, pν}P ,

=
1

α
[{pµ, φ2}P{φ3, pν}P − {pν , φ2}P{φ3, pµ}P ] .

We see that it is sufficient to evaluate the first term in the above expression,

{pµ, φ2}P{φ3, pν}P = {pµ, f(z)}P{ηαβpα (∂β f), pν}P ,

= {pµ, zγ}P (∂γf)ηαβpα(∂δ∂β f){zδ, pν}P ,

= −δγµ(∂γf)η
αβpα(∂δ∂β f)δ

δ
ν ,

= −(∂µf)η
αβpα(∂ν∂β f) .

Therefore,

{pµ, pν}D =
1

α
[−(∂µf)η

αβpα(∂ν∂β f) + (∂νf)η
αβpα(∂µ∂β f)] ,

=
1

α
ηαβpα[−(∂µf)(∂ν∂β f) + (∂νf)(∂µ∂β f)] ,

=
1

α
ηαβpα[−(∂µf)∂β(nν

√
α) + (∂νf)∂β(nµ

√
α)] ,

=
1

α
ηαβpα[−

√
α(∂µf)(∂βnν)− (∂µf)nν(∂β

√
α)

+
√
α(∂νf)(∂βnµ) + (∂νf)nµ(∂β

√
α)] ,

= ηαβpα[nν∂βnµ − nµ∂βnν ] . (113)

The last Dirac bracket is,

{pµ, pλ}D = {pµ, pλ}P − {pµ, φi}P∆−1

ij {φj, pλ}P ,

= −{pµ, φ2}P∆−1

2j {φj, pλ}P − {pµ, φ3}P∆−1

3j {φj, pλ}P
−{pµ, φ4}P∆−1

4j {φj, pλ}P = 0 , (114)

as expected.
The constraints are now treated as strong equations, and the Hamiltonian

becomes,
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H = −ηνµpµpν
mc2

+
√

ηγνpγpν . (115)

The necessary constraints are,

f(z) = 0 ,

ηµνpµ ∂ν f = 0 , (116)

and the necessary brackets are,

{zµ, zν}D = 0 ,

{zµ, pν}D = δµν − nµnν ,

{pµ, pν}D = ηαβpα[nν∂βnµ − nµ∂βnν ] . (117)

These are the complet set of Hamiltonian formalism. The Hamilton equations
of motion are,

żµ = {zµ, H}D = {zµ,−ηγνpγpν
mc2

+
√

ηγνpγpν}D ,

= {zµ,−ηγνpγpν
mc2

}D + {zµ,
√

ηγνpγpν}D ,

= − 1

mc2
ηγν{zµ, pγ}Dpν −

1

mc2
ηγνpγ{zµ, pν}D +

+{zµ, pδ}D
1

2

1√
ηγνpγpν

(ηγνδδγpν + ηγνpγδ
δ
ν) ,

= − 1

mc2
ηγν(δµγ − nµnγ)pν −

1

mc2
ηγνpγ(δ

µ
ν − nµnν) +

+(δµδ − nµnδ)
1

2

1√
ηγνpγpν

(ηγνδδγpν + ηγνpγδ
δ
ν) ,

29



ṗµ = {pµ, H}D = {pµ,−
ηγνpγpν
mc2

+
√

ηγνpγpν}D ,

= {pµ,−
ηγνpγpν
mc2

}D + {pµ,
√

ηγνpγpν}D ,

= − 1

mc2
ηγν{pµ, pγ}Dpν −

1

mc2
ηγνpγ{pµ, pν}D +

+{pµ, pδ}D
1

2

1√
ηγνpγpν

(ηγνδδγpν + ηγνpγδ
δ
ν) ,

= − 1

mc2
ηγν(ηαβpα[nγ∂βnµ − nµ∂βnγ ])pν

− 1

mc2
ηγνpγ(η

αβpα[nν∂βnµ − nµ∂βnν ]) +

+(ηαβpα[nδ∂βnµ − nµ∂βnδ])
1

2

1√
ηγνpγpν

(ηγνδδγpν + ηγνpγδ
δ
ν) .

Using now the constraint ηµνpµnν = 0,

żµ = − 1

mc2
ηµνpν −

1

mc2
ηγµpγ +

+δµδ
1

2

1√
ηγνpγpν

(ηδνpν + ηγδpγ) ,

= − 2

mc2
ηµνpν +

1√
ηγνpγpν

ηµνpν = − 1

mc2
ηµνpν ,

ṗµ = − 1

mc2
ηγνηαβpαpν [−nµ∂βnγ ]

− 1

mc2
ηγνηαβpαpγ[−nµ∂βnν ] +

+ηαβpα[nδ∂βnµ − nµ∂βnδ]
1√

ηγνpγpν
ηδνpν ,

= − 2

mc2
ηγνηαβpαpν [−nµ∂βnγ ]

+
1

mc2
ηαβpα[−nµ∂βnδ]η

δνpν ,

=
1

mc2
ηγνηαβpαpνnµ∂βnγ .

From the first equation,

pγ = −mc2żµηµγ ,

as expected. Hence,
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ṗγ = −mc2z̈µηµγ .

Substituting pγ and ṗγ in the second equation,

ṗµ =
1

mc2
ηγνηαβpαpνnµ∂βnγ ,

−mc2z̈γηµγ =
1

mc2
ηγνηαβ(−mc2żδηδα)(−mc2żǫηǫν)nµ∂βnγ ,

−z̈γηµγ = ηγνηαβ(żδηδα)(ż
ǫηǫν)nµ∂βnγ ,

−z̈γηµγ = δγǫ δ
β
δ ż

δżǫnµ∂βnγ ,

−z̈γηµγ = żδżǫnµ∂δnǫ .

Evaluating ∂δnǫ,

∂δnǫ = ∂δ

(

∂ǫf√
α

)

=
1√
α
∂δ∂ǫf − (∂ǫf)

1

2α3/2
∂δα ,

=
1√
α
∂δ∂ǫf − (∂ǫf)

1

2α3/2
∂δα .

Since,

∂δα = 2ηµν(∂µf)(∂δ∂νf) , (118)

we have,

∂δnǫ =
1√
α
∂δ∂ǫf − (∂ǫf)

1

2α3/2
2ηµν(∂µf)(∂δ∂νf) .

Therefore,

żǫ∂δnǫ =
1√
α
żǫ∂δ∂ǫf − żǫ(∂ǫf)

1

2α3/2
2ηµν(∂µf)(∂δ∂νf) .

The secont term is zero due to the constraint pµn
ν = 0. The equation of

motion then becomes,
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−z̈γηµγ = żδżǫnµ∂δnǫ ,

= żδnµż
ǫ∂δnǫ ,

= żδnµ
1√
α
żǫ(∂δ∂ǫf) ,

= żδ(∂µf)
1

α
żǫ(∂δ∂ǫf) ,

= żδżǫ
1

α
(∂µf)(∂δ∂ǫf) ,

or,

−z̈γηµγη
µν = ηµν żδżǫ

1

α
(∂µf)(∂δ∂ǫf) ,

z̈ν +
1

α
ηµν(∂µf)(∂δ∂ǫf)ż

δżǫ = 0 , (119)

as in (68) and (76).
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