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Abstract

We study a relativistic particle in curved four dimensional space-
time as a free particle in five dimensional Minkowski space-time. The
analysis is made in the context of constrained systems. The Einstein
model and the de Sitter model are taken as examples of four dimen-
sional curved spaces in five dimensional Minkowski space-time.
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1 Introduction

2 The Einstein Model

The Einstein model £* is the four dimensional curved space-time that may
be defined by the line element [1],



R2
R2 — 2
with coordinates t, r, 6, p, and R a fixed constant with » < R. The corre-
sponding metric tensor is

ds? = Adt? — dr? — r’df® — r?sin’0 dg02 , (1)

c? 0 0 0
R2
0O ——— 0 0
Guv = R2 — 2 3 (2)
0 0 —r? 0
0 0 0 —r%sin®@

with p,v =1t,r,0, p.
The Christoffel symbols of the first kind are defined by [2]-[6].

1
F/j,l/)\ = 5 [gﬂ)\,l/ + o — g,uz/,)\] . (3)

For the above metric we find,

=
(RZ _ r2)2
Logr = —1'vp9 = +1,
Typpr = —Thpp = +rsin6,
Lypp = —Tgp, = +r*sinfcos. (4)

The Riemann-Christoffel curvature tensor is defined by [2]-[6],

R,uzz)\n = Fw@u,)\ - FI/)\}L,H + gaﬁry)\ﬂr;ma - gaﬁrunﬁrp)\a ) (5)

where the summation convention is used. In our case there are three non-zero
independent components, namely

2

Rrgr0 = —ﬁ ;

Rog0p = —ﬁﬁ : (6)
The Ricci tensor is defined by [2]-[6],

R = 9" Roupo (7)
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and we have three non-zero independent components,

(8)

(9)

(10)

2
R, = tm e
2r?
Rgg = tor
2r2sin” 0
Rop=+—pp—
Hence
, 12
RNVRM = @ .
The scalar curvature is denoted by R* to avoid confusion with the con-
stant R,
* v 6
R = gN RNV = —E .

The geodesic equations in these coordinates are

*t
dp2

d’r r dr\> (RE—r2r | (dO\®  , [do\®
—t =) || +sin®f( -
dp?  R?—1r2 \dp R? dp dp

2 2
a0 + QQﬁ —sinf cosd (Z—SD) =0,

dp? " rdpdp p

d? 2drd de d
—S0+——T—g0+200t6’——90:0,
dp?  rdpdp dp dp

where p is an arbitrary parameter.

(11)

3 Curvilinear coordinates leading to the Ein-

stein model

We consider a five dimensional Minkowski space-time M?® with coordinates

2w =1,...,5. The line element is given by



or

where the metric tensor is

1 0 0 0 0
0O -1 0 0 O
Nw=10 0 -1 0 0 (14)
0o 0 0 -1 0
o 0 0 0 -1
The indexes p, v, ... run from 1 to 5, and ¢, j, . .. from 2 to 5, unless otherwise

explicitly stated.
A possible parametrization of the Einstein model in five dimensions is
[7, 8]

1

z - =ct,

22 _ (R2 . 1”2)1/2,

2% =rcosb,

2t =rsinfcosy),

2" =rsinfsing, (15)
with R a constant and r < R. Substituting (15) in (13) we obtain the metric
of 4, eq.(2).

Now we look for a coordinate transformation to a set of five curvilinear
coordinates ¢, u = 1,...,5, with four of them describing the Einstein model

as a surface, and one normal coordinate that can be used to define the surface.
At first sight it appears that equations (15) will suffice if we consider R as a
coordinate. We see that this does not works.s

The line element in the new coordinates ¢, R, r, 0, ¢ is

RQ R2
2 ) 2 2
ds* = c°dt _RQ—T2dR _RQ—TQdT
2rR 2 192 2 .2 2
—I—WdrdR—r df* — r=sin” 6 dy* . (16)

The coordinate R is not normal to the others, since there is the term in
dr dR. The metric tensor in these curvilinear coordinates is therefore



[ 2 0 0 0 0 T
R? rR
0 CR2 g2 R2 - r2 0 0
G = rR R , (17)
" 0 +7——3 3 O 0
0 0 0 —r? 0
| 0 0 0 0 —r%sin?0 |

with inverse

-1 _
= 0 0 0 0
0 -1 —}% 0
r
1

0 0 — 3 0

1
0 0 0 0 ——s

L r2sin?6 |

If dR = 0 in (16) we obtain equation (1). The four dimensional Einstein
model is obtained from the five dimensional Minkowski space-time as the
embedding of the surface defined by R = constante in (15), or equivalently,
in terms of z* coordinates, by the equation

5
d ()P -R =0, (19)
=2
with R constant. The embedding of curved spaces in flat spaces with larger
dimensionality is an important area of study in geometry since a long time
[9, 10].

We note that the Einstein model can be defined by eq.(19) in Minkowski
coordinates, which here are the analogous of Cartesian coordinates in Eu-
clidean space, independently of what set of curvilinear coordinates we use.
In particular, the coordinate transformation defined in (15) is not convenient
for our purposes, as we will see later, since the correponding metric tensor
(16) is not diagonal. A more useful set of coordinates is one with a normal
coordinate that can be used to define the surface £* in M?®. The equation
(19) must still be satisfied, of course. The space-time and its invariants, like
the scalar curvature, will remain unchanged.

Now we look for a transformation that satisty (19), but with one coordi-
nate normal to the surface £*. Hence we define



2% = /1y + R?sinfsin g cos

23 = \/ro + R?sinfsin psina,

2t = /1y + R2sinf cos ¢,

2% = /1y + R%cosf, (20)

with R constant again. The curvilinear coordinates are t, rq, 6, ¢, a. We
have

5

ro = Z(z’)2 - R?, (21)

=2
and equation (19) is again satisfied if we choose 19 = 0. In these coordinates
the line element is

dr?

ds2 = 2d2_ 20

5 ¢ 40
—Q[dO? + sin® 0 dp? + sin® O sin® p do?] , (22)

with Q = ro + R?. The metric is diagonal,

c? 0 0 0 0
1
0O — O 0 0
4
G = 0 OQ —Q 0 0 y (23)
0 0 0 —Qsin%0 0
| 0 0 0 0 —@Qsin?fsin” |

with p,v = t,7r9,0,0,a. The surface £4 is defined if 7, is constant, hence
dro = 0 and we obtain the line element

ds* = ¢ dt* — Q[d6* + sin® 0 dp? + sin” §sin® ¢ da?] (24)

and the metric

2 0 0 0
o Q@ 0 0
Iw =10 0 —Qsin?0 0 ’ (25)
0 0 0 —Qsin?fsin? ¢



with now u,v = t,0,¢0,a. Now rg is a constant defining the surface. The
above metric still represents the Einstein model £*. Evaluating the Christof-

fel symbols we obtain

Fppo = —Topp = +Qsinb cos
Laap = —Toaa = +Q sin? @ sin ¢ cos @,
Loao = —Toaa = +Qsinf cosfsin? ¢,

The non-zero components of the Riemann tensor are

.9
Roppp, = —Qsin” 0,

Ryage = —Qsin®fsin® v,

Rinpa = —Q sin? @ sin’
and of the Ricci tensor,
Rgg = 2,
Ry, =2 sin? 6,

Rao = 2sin?fsin? ¢ .
With this we find

and the scalar curvature

6 6
R* = =,
Q To + R2
which agree with (9) and (10) for ro = 0.
The geodesic equations for £* in this coordinate system are

d*t

a7

% —sinf cosd [(%)2—#3111290 <ill_a>2] =0,
%—I—Qcot@j—ij—i — sin p cos (%)2 =0,
%4—2&‘59%2—24—2@‘6@%% =0,

(26)

(27)

(28)

(29)

(30)

(31)



where p is a parameter of the orbit. The above equations look diferent from
eqs.(11), as it is expected, since they refer to diferent curvilinear coordinate
systems in £4.

4 The de Sitter Model

We consider now an example of a space-time whose definition as a surface in
M? involves the time coordinate, the de Sitter model. We proceed here in
an analogous way as in the previous sections. The de Sitter model S* is the
four dimensional curved space-time that may be defined by the line element

1]

R? — 12 R?
ds?® = Adt? —
R2 R2 _ 2
with coordinates ¢, r, 6, ¢, and R a fixed constant with » < R. The corre-
sponding metric tensor is

dr® — r2d6* — r’sin®0 d? (32)

I _
i R_ZT 2 0 0 0
RQ
G = 0 2 0 0 , (33)
0 0 —r? 0
i 0 0 0 —r?sin®6 |

with u,v =1t,r,0, p.
The Christoffel symbols of the first kind are

re
Lir = =L = +ﬁ’
Lypp = — rie )
(R2 _ 7’2)2

Logr = —T'rgg = +1,
Fsow
Tppo = —Lop, = +r7sinfcosf. (34)

= —Tpp = +r sin? 4,

The non-zero components of the Riemann-Christoffel curvature tensor are



Rtrt'r +ﬁ ’
T202
Rigrg = +ﬁ(R2 —7r?),
2.2
Ryt = +%(R2 —r?)sin? 0,
2
r
Rr@r@ = _R2 2
2
r .
Rrgm“go = _R—2 2 Sll’l2 9,
,',.4
RQ@QQO = —ﬁsin2 . (35)

The Ricci tensor has as non-zero independent components,

Therefore,

The scalar curvature is,

3c?
Rtt = _ﬁ(f# — T2) s
3
R’I"’l" +R2 2 )
3r2
Rog = t o
3r2sin® 6
RW = R2 (36)
36
R, R" = —i—@ ) (37)
% 174 12
R = g“ RMV = —ﬁ . (38)

The geodesic equations for S* in this coordinate system are



E o
dp? RQ—Tdedp_

ﬁ_(R2—r2)c2r dt 2_|_ r dr 2
dp? R4 dp R? —r2 \dp
(RZ—r2)r | (dON®  , [do\’
W mrr e o(42) | =
7 i + sin iy 0,

2 2
a0 + 2@@ —sinfcos @ (d_go) =0,

dp?  rdpdp dp

>0 2drdp de dy

— 4+ ———+42cotf — — =

0 + rdp dp +2co b dp 0, (39)

where p is an arbitrary parameter.

5 Curvilinear coordinates leading to de Sitter
model

As before we consider a five dimensional Minkowski space-time M?® with
coordinates z*, = 1,...,5. The metric is given by eq.(12) or equivalently
by (14).

We have as a possible parametrization of S* in M? the following equations
[77 8]7

2t = (R? —r)Y2sinh (ct/R),
2% = (R? —r*)Y2cosh (ct/R),

2% =1rcosb,

2t =rsinfcosy,

2" =rsinfsing, (40)

with R a constant and r < R. The coordinates of S* are t,r, 0, ¢, the constant
R being just a parameter. The parametrization (40) satisfy

() + () = R (41)

which can be seen as a definition of S* in M?® implicitly. We may also write
this as

10



fz)=—(2")2 + Z(ﬁ)? —R*=0. (42)

Equations (41) or (42) can be considered as the definition of de Sitter model
as a surface in Minkowski space M?, independently of any curvilinear coor-
dinates.

As before, however, we search a coordinate transformation in M? that
leads to a curvilinear set, with four coordinates describing the surface S*, and
a normal coordinate. The value of the normal coordinate may be used to
define the surface. As a first attempt we could consider R as new coordinate,
and the equation (40) would then define a transformation from z to five
curvilinear coordinates. However, this does not works here, similarly to the
previous sections. The reason is that R is not a normal coordinate to the
surface S*. Furthermore, the metric tensor g, obtained in this way has no
inverse. The line element in the new coordinates is

2 .2 2 2(R*—r?)c?
d82 — RRTT 02 dt2 — % d?”2 - <R R3r )C t dt dR
—r
2 .2
+%02t2df{2 — 72 d? — r?sin® 0 dp? . (43)

Taking R constant we obtain (32), as we want, but R is not normal to the
other coordinates, since we have the term in dtdR. The metric tensor in the
curvilinear coordinates t, R, r, 0, ¢ is then

[ (R2—1?) (R? —r?)c*t ]

+T - — 0 0 0
(R*—r3)c*t (R*—1%) , ,
| I + 7 ct 0 0 0
uv = R2

0 0 2 0 0
0 0 0 —r? 0

I 0 0 0 0 —r’sin*f

(44)
We can see that the above matrix has no inverse, since det(g,, )=0.
Therefore we define another transformation from z* to five curvilinear
coordinates,

11



2t = (R* —r*)Y2rysinh (ct/R) ,

22 = (R? — )2 rycosh (ct/R) ,

2% =rgrcost,

2t =rgrsinfcos g,

2% =ryrcosfsingp, (45)

with R constant again and » < R. The curvilinear coordinates are t, rq, r,
0, p. We have

5

—(')?+) () = (rR)?* =0, (46)

i=2
and equation (40), or (42), is again satisfied if we choose ry = 1. Note that
ro is a dimensionless variable. In these coordinates the line element is

R2 2
ds* = 7 " r2dtr — R2dr?
RQ
2 radr? — 3 r?[d6? + sin® 0 dy?] . (47)
—r
The metric is diagonal,
o 0 0 0 0
0 —R? 0 0 0
2
Gij = R 2 (48)
J 0 0 - 20 0 0
0 0 0 —ra2r? 0
i 0 0 0 0  —r2r?sin?0 |

The surface S* is defined if r( is constant, hence dry = 0 and we obtain the
line element

R2 .2
ds® = R2T e ¢ dt?
RQ

CR2 _

s rodr? — g r?[d0? + sin® 0 dp?] (49)
r
with the metric

12



R 2 -
i1 0 0 0
o = LS Sy 0 (50)
g R2 — 2 0
0 —r2r? 0
i 0 0 0 —r2r?sin®6 |

The above metric still represents the de Sitter model S*, and agrees with
(32) for ro = 1. Evaluating the Christoffel symbols, the Riemann tensor and
the Ricci tensor, we obtain

Ru R = 22, (51)
and the scalar curvature
12
Rf=——— 52

which agree with (37) and (38) for ro = 1.
The geodesic equations for S* in this coordinate system are given again
by equations (39).

6 A relativistic particle as a constrained sys-
tem - Lagrangian and Hamiltonian formal-
ism

We consider here a relativistic particle in a four dimensional space-time, as
a free particle in the five dimensional Minkowski space-time M?. The four
dimensional space-time is defined as a surface given by a constraint equation.
The corresponding Lagrangian is therefore [13],

L= —mc® /.3 + (), pv=1,...,5. (53)

where 7),,, is the metric tensor in Minkowski space-time M?® given by eq.(14).
We follow the procedure of Bergmann [13], just adding the equation of the
surface as a constraint [15]. The dot denotes derivative with respect to the
proper time 7 !,

IBergmann uses a prime to denote derivatives with respect to the proper time, but we
prefer to use a dot.

13



B dz*

= — 54
= (54)
We define the “proper time” 7 with dimensions of length,
5
dr? = n,,d"dz" = Adt* — Z(dz“)Q , (55)

p=2

with 2! = ¢t. Bergmann [13] and many authors define the proper time with
dimensions of time. Since both definitions differ only by a constant factor,
this is not really important. We note that, dividing (55) by dr? [13],

o d2tdz”

R

The function f(z) defines the four dimensional space-time through the
equation of constraint

= nuit'z”. (56)

f(z)=0, (57)

as a surface in the five dimensional Minkowski space-time M?®, and \ is a
Lagrange multiplier.
The derivatives of the Lagrangian are

8_L o me?n,,,2¥

82:“‘ /naﬁzaéﬁ )

oL

- = O,

O\

oL

IR

oL

E f(z). (58)

Noting that the square root above is unit, eq.(56), we see that Z* are the
contravariant components of a unit vector, and —p,, / mc? are covariant com-
ponents of the same unit vector. In fact, only in this way we can solve for
the velocities [13],

pv Hv H

V/1°Ppaps  me? mc?’

where the canonical momenta are,

14



8‘[/ 2 ‘v
p# = @ = —mc HNVZ s
oL

The second equation will be a constraint in the Dirac formalism below. The

first equation allows solving for the velocities,

: 0" py
2 =— 3 (61)
Hence,
g

S = (mc?)?

Defining p by the relations,

P> =n""pup,

P = \/1""Dupy - (63)

we obtain then,

P = /1" pupy = mc*. (64)
The Euler-Lagrange equations of motion are,
—mc* 2’ — A0, f =0,
f(z)=0. (65)
Persistence of the constraint equation f = 0 leads to
(@tf)zu = O»
(66)

(0,0, f)212" 4+ (0,f)2" =0.
Substituting 2# from (65) in the last of the above equations we determine A,

_ mc® (0,0, f)#
A 0N @) o

The equations of motion for coordinates z* then read

15



1" (0,.f) (005 f)2*2°
7°(0,)(0s1)

The canonical Hamiltonian is, using (60),

ZH+

=0, w=1...,5.

H.= p”,é” +pA—L,
"Epupy
Hc = - M + \/ UWPVPV

The Hamiltonian equations of motion are,

OH, 20%py 0Py "Dy

o _ _
: op, mc? * D mc?
oH._ of
b= " = g
. OH,
A= =0,

Ipx

OH,

Differentiating the first equation in (70) and using the second,

np, 0f

M= — = .
mc? 02 82“

(68)

(71)

The expression for A is obtained from persistence of the constraint, as before,

: 0 0
f2) = [f(e) H = g (o4 H = 2o,
_Of nps _
0zt me?

Evaluating the second derivative,

f(Z) — 3@ 82f nuépé B 8f nudpé
0290z mc2 Ozt mc?
oy Pf wp,  Of v\ Of _

me2 0z¢0z1 mc? Ozrme?™ 029

where we used the equations of motion (70). Therefore A is given by,

16
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(73)



1 1 v 82f v
w OF Of me2 Prgagou' Pro
OzM 020
1

1, w
= nud(auf)(adf) chn py(aaauf)n Dy . (74)

The above expression agrees with (67) once we substitute the p’s given by
(60),

~ mc*(9,0, )2z
N Een6D )

Substituting now the above expression for A in the equation of motion (71),
we obtain,

0" (0, f)(0ads )22 p=1,..
17°(0,1)(0sf) ’ ’
which is identical to (68).

L

5. (76)

7 The Einstein model £* as a surface in Minkowski
space M’

As a first example of a constrained particle we consider the Einstein model
&4 as a surface, whose defining equation is

5
flz) = Z(z’)2 ~-R*=0, R constant . (77)

i=2
Substituting (77) in (68) we obtain

s1=0,

. Zi b

'z’z+ﬁ2(2’“)2:0, i=2,...,5. (78)
k=2

Now we can make the transformation from Minkowski coordinates to
curvilinear coordinates defined by eq.(20). The surface £* is defined by 79 = 0
or, equivalently, by eq.(77). The equations of motion (78) become

17



H=0—-1t=0, (79)

1=2:

cos 0sin ¢ cos o + sin B cos ¢ cos o p — sin O sin @ sin a i

+2cos b cos @ cos o p O — 2 cos O sin psinad & — 2sin b cos @ sin o H é
—sin @ sin ¢ cos a (¢* + &%)

+sin® @ sin p cos a (p* + sin® p a*) = 0, (80)

1=3:
cos 0 sin @ sin o 6 + sin 0 cos @ sin o $ + sin @ sin p cos a &
+2cosﬁcoscpsina¢9+200398ingocosa9d+2sinﬁcosgocosoz¢zo'z

—sin fsin psin a (9* + 4?)

+sin® @ sin @ sin a (¢? + sin® %) = 0, (81)
1=4:
cos@cosgpé—sin@singpcﬁ— QCOSQSingocpé
—sin @ cos ¢ + sin® @ cos ¢ (* +sin® pa*) =0, (82)
1=05:
6 — sinf cos (> +sin® pa?) =0, (83)

with dot meaning derivative with respect to proper time. The geodesic equa-
tions for the Einstein model in these coordinates are given by egs.(31), with
p now being the proper time.

The equation for + = 0 is the first equation in (31). The equation for
i =5 is the second equation in (31).

Multiplying (80) by sin «, (81) by cos o and subtracting, we obtain

—sin@sin ¢ c — 2 cosfsin O v — 2sinf cos pp v = 0.

Dividing by —sin fsin ¢ we obtain the last equation in (31).
Multiplying (80) by cos «, (81) by sin « and adding, we have

18



cos@sin 0 + sin @ cos o @ + 2 cos b cos ¢ K 0
—sin #sin p (p* + &%) + sin® Osin ¢ (P + sin® p &%) = 0. (84)

Now we multiply (82) by sin ¢, (84) by cos ¢, and subtract, obtaining
—sinf ¢ — 2cosf ¢ 0 +sinfsin pcos > = 0.

Dividing this by —sin# we obtain the third equation in (31).

8 The de Sitter model S* as a surface in Minkowski
space M’

We have seen that de Sitter model can be defined as a surface in M?® by the
equation

5
f(z) ="+ Z:(z’)2 — R?* =0, R constant . (85)

i=2

Substituting this in (68) we obtain

z“+%;[—(zl)2+2(z"f)2]:o, p=1,...,5. (86)

Now we can make the coordinate transformation defined in (45) fixing
ro = 1. Explicitly we have

w=1:
—r2 =i 2 2crit
{ o Q3/2} sinh (¢t/R) — Wcosh (ct/R)
- .
12 | ct ct
+QY {smh (ct/R) T + cosh (ct/R) E}
1/2 R2i2 Q2

0 e +r29'2+r2sin29¢2} = 0,(87)

Qe
+ iz Slnh(ct/R){

19



w=2:

e b 2crid
{ or Q3/2} cosh (ct/R) — Wsmh (ct/R)
+QY?{ cosh (ct/R) cr + sinh (ct/R) ¢l
R2 R
1/2 R2 2 B ch 12

+QR2 cosh(ct/R){ 0 e

+ 12 6% 4 7% sin? 9@2} =0 ,(88)

pH=3:
cosfi — 2sin07 0 —rcosf 0> —rsindh
rcosf {R27‘“2 B Q2

72 0 7 +T292+T2sin29gb2}20, (89)

w=4:
sinf cos @ + 2 cos B cos 0 — 2sin 0 sin ¢ ¢ — rsin 6 cos @ 62

—27cosOsingl o+ rcoshcos b —rsinhcospp? — rsinfsinp @
rsinfcose [R27?  Qc*t?
T R2 { Q  R2

+r292+r2sin29¢2}:0, (90)

pH=295:
sin 0 sin @ 7 + 2 cosfsin @ 76 + 2sin 0 cos @ 7 — 7 sin 0 sin p 0>

+2Tcosecoscp9gb+rcosﬁsingoé—Tsinﬁsingpngqusianosgogb
rsinfsing (R2r?  Qc*t?
+ R2 { Q . R2

+r20'2+r2sin29¢2}:0, (91)

with Q = R? — r? and dot meaning derivative with respect to proper time.
The geodesic equations for the de Sitter model in these coordinates are given
by eqgs.(39), with p now being the proper time.

Multiplying (71) by cosh (c¢t/R), (72) by sinh (ct/R), and subtracting,
we have

2rcert QY% et B

~RoEt R 0.

Multiplying by R/c@Q'/? this becomes

20



2rrt
Q

which is exactly the first equation in (39).
Multiplying (74) by sin ¢, (75) by cos ¢, and subtracting, we obtain

+1=0,

—2sinf7 o —2rcos@0¢p —rsinf p=0.
Dividing this equation by —rsin#,

2 .
—79+2cotfp+ =0,
”

that is, the last equation in (39).
Now we multiply (74) by cos ¢, (75) by sin ¢, and add, obtaining

Sin @i + 2cos 0 — rsin 6% + rcos 06 — rsinh >
rsinf (R*i?  Qc*f?
R? Q R?

+7’292+r281n26’gb2} =0. (92)

Multiplying (73) by cos 8, (76) by sin 6, and adding we obtain

f—rég—rsin299b2
+r R*r2 QA2
R2 Q R2

which reduces to the second equation in (39).
The third equation in (39) is obtained multiplying (73) by sinf, (76) by
cos @, and subtracting,

+7‘292—|—7’25m20¢2} =0,

—2760 — 10 +rcosfsinf > =0,
which reduces to the third equation in (39) after dividing by —r.

9 A relativistic particle as a constrained sys-
tem - Hamiltonian formalism and Dirac the-
ory

The canonical Hamiltonian is given by eq.(69),

21



vp
Hc - _% + V W”pypu - /\f(Z) ) (93)

and the canonical momenta by eq.(60),

8L 2 ‘v
pN = m = —mc T]HVZ s
oL
=0. 94
Px = (9 5 (94)
We see from the above relations that there is a primary constraint,
o1 =pr=~0. (95)
Hence the total Hamiltonian is
HT = H +u¢1a
N pupy
= mcé + 777”]97]911 + U ¢1 )
(96)

with u is another multiplier.
Persistence of ¢; gives the constraints

¢25f(2) %07
¢3E7lwpuauf%07

01 = A0 (0uf) (D f) = —51" 0™ Dupa(@,0sf) = 0. (97)

The constraint ¢, ~ 0 determines A,
0 pupa(0,05f) (98)
mcn (0,f) (0, f)
and persistence of ¢, determines u. The above expression for A agrees with

(67) and (74). All constraints are second class.
The Dirac bracket is defined as,

{A,B}p ={A,B}p — {A,¢:}pA;;'{0;, B}p,

(99)

with,
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Ay =1{9i, ¢}p - (100)
Evaluating A,;,

{o1,02}p = {pr, f(2)}p =0, (101)

{o1, 03} p = {2, ""Pu 0, 1P =0, (102)

noe = (AT O) 0f) — 10 pupe 051}

= =) (O f) = —a,

{¢27 ¢3}P = {f(Z), UWP;L al/ f} - (a’yf>nm/{zvap,u}(al/ f) )
= (S0, ) = (8 )™ (0 f) =

(ke = (AP @) O]~ —51 1 pu el 051}
= {/(2), —%n’” 1 Pupa(0,051)}
= —%Wn“ﬁ{f(Z),pﬂ}pa(ﬁuaaf)

L £ (2),pa} (0,051

mc?
1
= " 00,2 pu} (0,05 f)

1
_WUW 77‘”[3 pu(a'yf){z’yapa}(avaﬂf) )
1 1
=~ 1% (01£)07pa(0,05f) — o L 1 pu(0+£)67(0,0f)

1 1
= 0" 1 (0uf)Pa(0005 f) = —0" 1 Pu(0af) (0 051)

Changing the indexes p and «, and 3 and v in the last term,

(02600 = —— 0 1 Ou)pa(Ou03S) = — 1 1 D0, O30 ),
1
= D0 @051) + (01050,
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Changing now p and v in the last term,

(Gn0idp = —— o T D0 D05) + (00 D300

- _%n‘” 1 pads[(0,1) (0],

1
= ——*p,ds[a].
mc2n Pao ﬁ[O[]

To avoid confusion we change the index «,

1
{p2,0a}p = —wn%@)pvaﬁaz—ﬁ.

The last bracket is,

1
{63, 04}p = {0""Pu0y [, A7 (0,f) (6‘Vf)—@n””n"‘ﬂ Py Do

(avaﬁf)}P )

The expression for v is rather complicated, and since it will not appear in

the sequence we do not write it explicitly.
We obtain therefore for the above matrices,

0 0 0 —« 0 —v/a?
10 0 a -p 1| v/e? 0
A= 0 —a 0 —v AT = -B/a? 1/«
a B v 0 —1/a 0
with,
1

o = U“V(auf) (auf) ) 5 = wn’“’pu&,a .

We may rewrite 3,

1 4
g = @77“ Puoy,

= A (0,1)(05 1),

_ %n“% [7°(8,0,f)(0s.f) + 17 (0+.) (8,05 )],

2
= m—§n“”n75pu(3u3wf)(35f)-
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Evaluating the Dirac brackets we obtain,

{Z#7ZV}D = {Z#7ZU}P - {Z#7¢i}PA;jl{¢j7ZV}P7
= —{z", ¢3}PA?:]‘1{¢j7ZV}P — {2, ¢4}PAZJ-1{¢j,ZV}P7
= 0, (106)

{#", A}p {2 \}p — {2, 0} p A {95, A} e,

—{2", s} p Az {1, A p — {2, 0a} p AL {01, A} P,
—{2" 0 pa (05 1)} pA5 {pr, AL p

AN 0uf) D) — — 1 5y 54D ) X

xAn{px, A\}p,
= -0 {2" pa}p (95 f) A5}

_@7776 77&”8{2“, p’y}Ppa(aéaﬁf)Aéﬁl )
1 _
—@7776 NP {2", pat (0505 f) A,
= —n*P84(0s f)Ag)
06k pa (0505 /) AL

_2"7
me
1 o _
—wﬁw 17,64 (0505 ) AL
= —Uuﬁ(aﬁ f)Agll
1 6 ,ab -1
— 1" 1 Pa(0505) Aar
1 _
— " 0"y (9505 /) A
In the last term we interchange ¢ with 3, and change v by «,
(= Mo = (95 )As)!
1 _
—wﬂw Uaﬂpa(aéaﬁf)Aul )
1 _
— 1" 1" Pa(0505 ) A
_ 2 N _
= —77“'8(86 f)A311 - @n“é n 5pa(8585f)A411 )

= —""(0s f) (— b ) - %n*“s 1 e (0505 f) (—é) .

a?
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To avoid confusion again, we change the indexes « and f3,

M = ="(0, f) <——) - %?7“5 0" p(950- f) (—l> .

g

o? o

Substituting now the expression for 3,

1 2

{z*XNp = ——=n"(0, f)n“n"°pe(0:0 f)(0sf)

a? mc?
1

2 1%
+aﬁ77“5 n""p, (050 f)

= L2 @, D p (0.0, ) (05 ])

a? mc?
+an™ 1", (050,.1)] -

Changing ¢ by ( in the last term,

1 2

{Zu’ )‘}D = __[77;“/(81/ f)ﬁegﬂwpe(acavf) (aéf)

a? mc?
+am 1" p, (0:04f)]

= L a0 O i p(0sf)

a? mc?
_|_Omuc UWPV] ]

Interchanging v and € in the first term,

1 2

{#' N = =500, (0 0" n"°pu(05])

a? mc?
—|—om“< nwpy] ’

= L 20, N0 I (05 f)

a? mc?
+a77“c nw] ]

We can interchange ¢ and ~ in the second term,

{Zu, )\}D

1 2

— (00, [)pu [ (0 /)" 0 (05 f) + an n*°],
1 2

2me!

?@n%(acawf)py[nﬂe(@ (s f) + ant8]],

1 2

o2 mc?

V(00 f )pu [ (Oc £ (05.f) + ],
1 2
@m—gn”c(ﬁgéﬁ)pyn“e[(@ Hn(0sf) + ad]].
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Defining the vector n*,

we have,

‘:Qj
[

(107)

3
=
Il

5

1 2

{Zuv )\}D = _7nyc(aC07f)pV77M€[n€n’yan5 + 52] )

Continuing,

{Z'LLJ pl/}D

am
1 2

(00, f)pt[nen” + 57 (108)

= {pye — {2 0S5 00} p,

= o = {2", d3}p A { B2, 1}

= 0 — 2" n"pa (05 )} P AR {f(2), 0} P

= 0 =™ {2", pa}p(05 f) A5 (0, )27, pu}p

= O — 08405 ) A% (0,1)5)

= O — 0" (95 [)A5 (0 f)

= o — n“ﬁn[gny =o' —nfn, (109)

{z".p2}p = {". patr — {2", 0i} P A {05, 00 p = 0, (110)

{Aapu}D

{Aapu}P - {)‘a ¢i}PA;jl{¢japu}P )

= _{)‘a ¢1}PA1_21{¢27PV}P - {)‘7 ¢1}PAI31{¢37PV}P

—{NotpAT ¢ tp = (111)

The above result is very complicated and will not be used below, hence we

do not write it.

{/\ap/\}D =

{Xoatp —{N o} pAL b5, patp
1—{X\ ¢1}pAL H{bs,pr} P,
1— {i)‘ap)\}PA1_41 X

<A 0uf) (@) — — 11 o polO305 ) Pa
L= A2y en™ (0af) (951)
1- é{/\7p)\}]30[:0, (112)
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as expected, since p, is a constraint. The next Dirac bracket is,

{p,tupl/}D = {p,uapl/}P - {p,tu gbi}PA;jl{qﬁj?pl/}Pa
= _{puv ¢2}PA531{¢37pV}P - {p,LH ¢3}PA§21{¢27PV}P )
= —{pu, G2} P DS {3, Do} + {Pps B3} DG { b2, 00} P,

1
= a[{pﬂ’¢2}P{¢37pV}P - {pua¢2}P{¢37p,u}P] .
We see that it is sufficient to evaluate the first term in the above expression,
{pm ¢2}P{¢37PV}P = {pua f(z)}P{naﬁpa (aﬁ f)apzz}P )

= (P 2P (00 )N Pa(0505 F){2°, pu}p
= =030, )1 pa(0595 £)9,

= — (0 Pal0,05 f) .
Therefore,
{pus 2o} é[—(aﬂf)naﬂpa(ﬁuaa 1)+ @)1 pal0,95 1]
_ énaﬁpa[_(au 1) @,05 1) + (0,1)(0,05 )],
_ énaﬁpa[—(a“ £)0s(mA/a) + (0, £)9s(nuv/a)]
= a0, ) (D) — (O (D/)

+V (0, £)(9smu) + (Ou f)nu(9sv/a)]
= n%p, [n,0gn,, — n,0gn,) . (113)

The last Dirac bracket is,

{p,uvp)\}D = {puap)\}P - {pua ¢i}PAi_jl{¢j>p)\}Pa
= —{pu 92} pAL {05, 02} P — {pu, b3} P A5 {05, pa}p
_{pu7¢4}PAZj1{¢jap)\}P = 07 (114)

as expected.
The constraints are now treated as strong equations, and the Hamiltonian

becomes,
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H=—

N pupy
,u + /NPy -
mC

The necessary constraints are,

and the necessary brackets are,

f(z)=0,
n"'p.0, f =0,
{z#,2"}p =0,

{ZuapV}D = (Sllj - nunl/7

{plﬂpV}D - naﬁpa[nuaﬁnﬂ - nﬂaﬁnu] :

(115)

(116)

(117)

These are the complet set of Hamiltonian formalism. The Hamilton equations

of motion are,

2#

" DyDy
{Z'u H}D = {Zua _7] ’Y + \/ nwyp'ypu}D )
pyDy
{ . } + {Z'u \V 777 p'ypV}D7

m02

1, 1
5 {Zuapv}Dpu = 3" p ko +

e s} on ’7”55pu+77””p 5),
1 1
_WW (08 —n nv)p,, 5] py (08 — nfn,) +
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) N PPy
P = {pwH}p ={pu — (; + /1Dt s

m

1" pypy
= {pu,— (/72 Yo+ {pus /1D D

m

1 v 1 12
= —@W {pu, -} D00 — @nv py{pupvtp +
11
2/ pypy

1 14 (0%
= —@77” (n ﬁpa[nvaﬁnu - nuagny])p,,

+{pu,ps}p (78 + 17" Dy5))

1 12 (0%
—@777 Py (1 palnudsny, — nudan,]) +

1 1
(1 palnsdsm, — m, D))~ (1782, + 17,85

2/ pypy

Using now the constraint n**p,n, = 0,

. 1 1
# o= —m—CQU“ Py — m—CQanv +

1 1
6#_ ov 5 o
+ 1) 2 \/W(n b + n p’Y) b

B 2 n 1 P I
= mc277 pV \/Wn pl/_ mc277 pV?
b 1 v, &
P = —wnv n Bpap,,[—nuﬁgnv]
1

- @nv”n“ﬁpam [—nlﬁ@ny] +

aB
+10 pa[ns0sn,, — n,0ns] n"py,
Bu ntp 777"]97191/

= _%vanaﬁpapu[_nuaﬂnv]
+%na5 Pal=1,08m510" py,
= %nwnaﬁ Papunudan., .
From the first equation,
py = —mc* i,

as expected. Hence,
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- 2
Dy = —mc Zin,, .

Substituting p., and p, in the second equation,

Py = %nwn“ﬁ PaPunyudgnsy |
_mczé,y??,wy = %777”77&5(—771022’67750) (_mCQféeneu)nuaﬂn'y )
=My = nwnaﬁ(zénéa)(267761/)”#857% )
=My = 53552(526”#86”7 5
=My = z'éz'en#&;n€ )

Evaluating Osn,,

o.f 1 1
Osne = Os (ﬁ) = ﬁaéaef_ (aef)mada,

1 1
- ﬁaéaef - (aef) 20[3/2 &;a :
Since,
Oscc = 20" (0,1 ) (050, f) , (118)

we have,

1 1 »

Osne = ﬁ&;&f - (&f)m% (0uf)(050, f) .

Therefore,

e L .. e 1 v
2°0sne = ﬁz 0s0.f — 2 (Gef)m%” (Ouf)(050, f) -

The secont term is zero due to the constraint p,n” = 0. The equation of
motion then becomes,
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. .5 -
2y = 2°2'n,0sn.,

20 €
2°n,2°0sne

26(&586.](.) )

_ 40 1
= Znuﬁ
_ zé(auf)ézf(as&f),
= 220,100, 8),
(6%
or,

. . L5l
_2777#777# =nt 2% a(auf) (aJaef) ;

2 (0,) (050.F)2 5 =0, (119)

as in (68) and (76).
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