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1 Introduction

In the last few decades polyelectrolyte solutions have been intensively stud-
ied, both theoretical and experimentally [1]. The applications of these macro-
molecules range from floculation in colloidal suspensios to their use as emul-
sifiers, water treatment and oil recovery. Many industrial products as soaps
or cosmetics incorporate polyelectrolytes. Biologically important molecules
as DNA and many proteins are polyelectrolytes [2]. Although all their impor-
tance, polyelectrolytes are still a difficult branch of research. We may cite as
main sources of complexity the long range nature of the Coulomb interaction
and the flexibility of the chains. The long range nature of electrostatic inter-
actions makes these systems much different compared to neutral polymers,
and the flexibility of chains allows for a great number of spatial configurations
of the molecules [3]-[5].

Polyelectrolytes are large molecules whose monomers become ionized in
solution, being an example of a complex charged system [6, 7]. The most
common solvent is water, but eventually other substances, as organic com-
pounds or ionic liquids, may be used. Besides the long ranged electrostatic
interaction and the flexibility of chains, other sources of difficulties are the
interaction between the macromolecules, and the macromolecules and the
solvent. Nevertheless, some simulations have been made [8].

Regarding symmetric electrolyte solutions, they have been described suces-
sfully by Debye-Huckel theory [9]. Ion pair formation has been included in
the theory by Bjerrum [10]. This treatment was mainly used as a limiting
theory, and recently has been extended to finite densities, allowing for a de-
tailed study of phase transitions in charged symmetric solutions [11, 12]. By
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applying Debye-Huckel theory to dilute polyelectrolyte solutions, Manning
has derived a very useful set of limiting relations [13]. This treatment has also
been extended to finite densities of cylindrical polyelectrolytes [14]-[16]. All
this work refers to rigid polyelectrolytes, with cylindrical symmetry, although
flexible chains has also been studied [17]-[19].

In this work we consider solutions of cylindrical polyelectrolytes with
salt and surfactants, both positive and negative. Such systems are of great
importance, as for example solutions of DNA with surfactants [20]-[23]. Much
interesting features occur in such systems, as binding and collapse transition.
An important application is the developing of gene delivery systems [24].
Adsorption isotherms for DNA with positive surfactants have been evaluated
in the context of Debye-Huckel, Bjerrum and Manning theories [25]. Here we
include both positive and negative surfactants, allowing for micelle formation
in solution. This is a very broad research area, with a large amount of
experimental and theoretical work [26]-[38].

The association of positive surfactants to DNA molecules is cooperative,
in the sense that, after the first surfactant binds electrostatically to DNA,
the second is attracted not only by positive monomers of DNA, but also by
hydrophobic attraction to an already bound surfactant [25]. We represent
this interaction by an energy parameter ε, which is used only in the com-
plexes. In solution the formation of micelles is also driven by hydrophobic
interaction, which is modeled by an energy parameter εm. We do not attempt
to establish here a new theory on surfactants in solution. These systems may
form micelles, vesicles, monolayers, bylayers, etc. We symplify the problem
here by considering only spherical mixed micelles in solution, since our main
concern is to evaluate the binding isotherms of DNA complexes, but without
neglecting surfactant association in solution.

2 The model

The model used here for the system is essentially the same we have used be-
fore for evaluating association isotherms of cylindrical polyelectrolytes with
counterions or surfactants [14]-[16],[25]. The polyelectrolyte chains are cylin-
ders of length L = Zb, where Z is the number of charged monomers and
b the distance between adjacent monomers. Since we are mainly concerned
with DNA solutions we take b = 1.7 Å, and the monomers are negative, while
counterions are positive. All ions and monomers are supposed to have the
same diameter σ = b. The salt if present is monovalent, and the solvent is
taken as a continuum. Besides chains and ions there are also surfactants in
solution, both positive and negative. The surfactant molecule dissociates in a
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chain and an ion. The chain has an end monomer charged and the remaining
monomers are neutral. The system as a whole is neutral. The strong elec-
trostatic interactions between the charged monomers of the polyelectrolyte
chain and ions in solution leads to formation of complexes. The positive
surfactant also binds to the polyelectrolyte chain, first by electrostatic inter-
action, and then by hydrophobic attraction between associated surfactants.
Besides complex formation, positive and negative surfactants form micelles
in solution. Here is also present the short ranged hydrophobic attraction
between neutral monomers of surfactants.

The mixed micelles are considered all to have the same number of surfac-
tants, which we denote by g. From these p are positive and n are negative,
hence p + n = g. The micelles are all supposed to be spherical with radius
Rg. We define the fraction x of surfactants bound in the micelles,

x ≡
gρg

ρp + ρn
, (1)

where ρg is the number density of micelles, ρp is the number density of positive
surfactants, and ρn is the number density of negative surfactants. We choose
p and n to be proportional to the respective surfactant densities,

p =
gρp

ρp + ρn
, n =

gρn
ρp + ρn

. (2)

With this choice of p and n we may express x alternatively as

x =
p

ρp
ρg =

n

ρn
ρg . (3)

The complexes are formed by one polyelectrolyte molecule with nc bounded
positive ions and na bounded positive surfactants. Denoting the correspond-
ing association fractions by mc = nc/Z and ma = na/Z we have the densities
of free surfactants given by

ρfp = ρp − Zmaρch − pρg ,

ρfn = ρn − nρg , (4)

where ρch = Nch/V is the number density of polyelectrolyte chains, with Nch

being the number of polyelectrolyte chains and V the total volume of the
system. Hence the monomer density is Zρch. These equations are simple
consequence of conservation of total number of particles. The analog equa-
tions for free ions must take into account the possibility of micelles being
positive or negative. If p = n the micelles are neutral and no ion bounds.
For positive micelles, p > n and we have
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ρ+ = ρs + ρn + Z(1−mc)ρch ,

ρ− = ρs + ρp − Zgmgρg . (5)

If the micelles are negative, p < n and we have

ρ+ = ρs + ρn + Z(1−mc)ρch − Zgmgρg ,

ρ− = ρs + ρp . (6)

In both cases the number of associated ions on the micelle is ng, and the
association fraction is mg = ng/Zg, where Zg = |p − n|. The inverse Debye
screening length is defined in the usual way by

κ2 = 4πλB(ρ+ + ρ− + ρfp + ρfn) , (7)

with λB = βq2/4πε the Bjerrum length. Here q is the proton charge, ε is
the permittivity constant of solvent, β = 1/kT , k is the Boltzmann constant,
and T is the Kelvin temperature.

3 The mixed micelles

We evaluate the size of micelles in the following way. The number of neutral
monomers of positive surfactant is denoted by zp, while the number of neutral
monomers of negative surfactant is denoted by zn. The average number of
neutral monomers in a surfactant molecule is then

zm =
zpρp + znρn
ρp + ρn

, (8)

and the volume of one surfactant molecule is

v1 = (zm + 1)
π

6
σ3 . (9)

The radius of a micelle can be written as

Rg = f(zm + 1)σ , (10)

where f is a fixed parameter. If f = 1 we have the maximus radius, with
the surfactants fully extended. But in general we may suppose f < 1. With
these quantities we have the volume of a micelle,
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Vg =
4πR3

g

3
, (11)

and then the number g of surfactants in a micelle,

g =
Vg
v1
. (12)

The free energy of micelles in solution is writen in the most simplified
form as possible. We follow here the main lines used in [19]. Hence, apart
the ideal term, the free energy for micelles in solution can be writen as

Fm = F ent
m + F el

m + F h
m , (13)

where the different terms are respectively the entropic, electrostatic and hy-
drophobic contributions. This is a great simplification of the problem, but
sufficient for our purposes, which is to estimate the amount of surfactants
in solution that form micelles, and hence its influence in the association of
surfactants in DNA molecules.

The entropic free energy, due to all possible configurations of associated
ions on micells is [16]

βF ent
m = NgZg[mg lnmg + (1−mg) ln(1−mg)] . (14)

The electrostatic repulsion in the spherical micell may be writen as [39]

βF el
m = NgZ

2

g (1−mg)
2
λB
2Rg

. (15)

Finally, we have the hydrophobic attraction between the surfactants in the
micell, modelled as a square well potential [34],

βF h
m = −Ngamg

2
zmσ

3

Vg
, (16)

with

am =
2π

3
βεm(λ

3 − 1) . (17)

Here εm is the energy depth of the potential well, and λ defines the range of
attraction,

u = −εm , σm < r < λσm , (18)

with σm = z
1/3
m σ. We use λ = 2.
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4 The polyelectrolyte solution and complete

free energy

In this section we write the contribution of polyelectrolyte chains to the free
energy of the system. We follow along the lines of previous work [16, 25].
Therefore the Helmholtz free energy corresponding to polyelectrolyte chains
in solution is given by a sum of terms,

Fp = Fent + Fion + Fh + Fel , (19)

The entropic term due do different configurations of associated particles on
the chain is

βFent = NpZ[mc lnmc +ma lnma

+(1−mc −ma) ln(1−mc −ma)] . (20)

The electrostatic interaction between charged sites is

βFion = Np
λB
b
p2S , (21)

where the valence of each site of the polyelectrolyte chain is

p = −1 +mc +ma , (22)

and

S = Z[ψ(z)− ψ(1)]− Z + 1 , (23)

and ψ is the digamma function [40]. The electrostatic interaction of com-
plexes with the ionic solution is described by

βFel = Np
λB
L

(Zp)2
K0(κR)

κRK1(κR)
, (24)

where Kn is the modified Bessel function of second kind [40]. Finally, the
hydrophobic interaction between associated surfactants on the chain, which
leaves to the cooperative association, is given by [25]

βFh = −Npβε(Z − 1)m2

a . (25)

The complete free energy of the system is then

F = Fid + Fp + Fm , (26)
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where the ideal contribution is

βFid =
∑

Nj[ln ρ
∗

j − 1] , (27)

with the index j denoting all species present in solution, polyelectrolytes,
free ions, and surfactants. The reduced density is ρ∗j = ρjσ

3.

5 Results and Conclusions

The equilibrium configuration of the system for given temperature and den-
sities is found minimizing the complete free energy with respect to x, mc,
ma and mg. We have chosen Z = 100, ρch = 1µM, ρp = 10−4 M, ρs = 0,
βε = 1.5, βεm = 0.7, zp = zn = 12, T = 25oC. The results are shown as
functions of ρn, the density of negative surfactants, for different values of f ,
the parameter determining the radius of micelles.

Figure 1 shows the fraction x of surfactants in micelles. We see that
the maximum value of x corresponds to equimolarity of surfactants. Small
micelles are formed before the large ones. That is reasonable, since more
surfactants are needed to form big micelles. Table 1 shows the size g and
the radius Rg of micelles as functions of f . In general we have g and Rg

dependent of density, since zm depends on densities ρp and ρn, but if zp = zn,
as we have chosen here, g andRg become constants, independent of surfactant
densities. Figure 2 shows the fraction mc of associated counter-ions on DNA
molecules, and figure 3 the fraction ma of associated positive surfactants on
DNA molecules. The results for x and ma are complementary, as expected,
since the number of associated surfactants on the DNA molecules reduces if
more surfactants form micelles in solution.

f g Rg/σ
0.4 86 5.2
0.5 169 6.5
0.6 292 7.8
0.8 692 10.4
1 1352 13.0

Table 1: Number g of surfactants in a micelle and the radius Rg, for the
values of f used in this work.

Figure 4 shows the fraction mg of associated ions on micelles, which can
be positive or negative, according to the net charge of the micelle. For
positive micelles (ρp > ρn and p > n) we have association of negative ions.
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For negative micelles (ρp < ρn and p < n) we have association of positive
ions. Figure 5 shows, for f = 1, the number p of positive surfactants on a
micelle and the number n of negative surfactants on a micelle. If p > n the
micelle is positive, and if p < n the micelle is negative. Only the case f = 1
is shown here for clarity, but for other values the results are qualitatively
similar. Figure 6 shows the net charge of micelles, in absolute value. We
may also construct three dimensional figures with the surfactant densities as
axes. The results for x, ma, mc and mg are shown in figures 7-10 for f = 0.5.
The remaining parameters have the same value as above.

In summary, we conclude that micelle formation reduces the number of
positive surctants available for association in DNA complexes. Hence the
size of polyelectrolyte-surfactant complexes depends on the densities of sur-
factants in solution. Besides this, two energy parameters are of fundamental
importance in the system. One is the hydrophobic attraction energy between
associated positive surfactants on polyelectrolyte chains, denoted by ε. The
other is the hydrophobic attraction between positive and negative surfactants
in micelles, denoted by εm. These two energy parameters may be used as ad-
justing parameters in order to reproduce experiments with DNA surfactant
solutions.
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Figure 1: Fraction x of surfactants in micelles as function of negative surfac-
tant density, for different values of f .
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Figure 2: Fraction mc of associated counter-ions in DNA molecules, as func-
tion of negative surfactant density, for different values of f .
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Figure 3: Fraction ma of associated surfactants in DNA molecules, as func-
tion of negative surfactant density, for different values of f .
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Figure 4: Fraction mg of associated ions on micelles, as function of negative
surfactant density, for different values of f . Note that micelles are positive
for ρn < ρp (p > n), with association of negative ions, and the micelles are
negative for ρn > ρp (p < n), with association of positive ions.
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Figure 5: Values of p and n, as functions of negative surfactant density, for
f = 1. Note that micelles are positive for ρn < ρp (p > n), with association
of negative ions, and the micelles are negative for ρn > ρp (p < n), with
association of positive ions.
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Figure 6: The value of Zg = |p − n| in micelles, as function of negative
surfactant density, for different values of f . Note that micelles are positive
for ρn < ρp (p > n), with association of negative ions, and the micelles are
negative for ρn > ρp (p < n), with association of positive ions.
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Figure 7: Fraction x of surfactants in micelles, as function of surfactant
densities ρp and ρn.
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Figure 8: Fraction ma of associated surfactants in polyelectrolyte complexes,
as function of surfactant densities ρp and ρn.
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Figure 9: Fraction mc of associated counterions in polyelectrolyte complexes,
as function of surfactant densities ρp and ρn.
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Figure 10: Fraction mg of associated counterions in polyelectrolyte com-
plexes, as function of surfactant densities ρp and ρn.
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