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Abstract. The Debye-Hiickel interaction, or Yukawa potential, between
point particles is used to evaluate the total interaction energy between spher-
ical colloids. The charge of colloids is supposed to be uniformly distributed
over their surfaces. The Helmholtz free energy corresponding to this inter-
action is evaluated as in van der Waals theory. The complete free energy
shows phase separation. We evaluated the association isotherms and the
phase diagram of the colloid system.

1 Interaction energies

The Debye-Hiickel interaction, or Yukawa potential, among two particles, is
given by,

u= : (1)

where )\ is a constant with dimensions of energy x lenght. The parameter s
is the inverse Debye screening lenght, since we study here mainly electrolyte
solutions and colloids.

1- Particle-circle

We consider here a circle of radius a with a uniform linear density of particles
p1, located in the zy plane (fig. 1). We choose the origin at the center of the
circle, and a particle at the position P, distant z from the origin.
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Fig. 1. A particle at P interacting with a circle of radius a.

An infinitesimal element of arc ds = adyp at the circle contains p;ds par-
ticles, which interact with the particle at P through the infinitesimal energy
du,

)\efnr Aeflﬁ’l"

du = pids =

pradp . (2)

All arc elements are at the same distance r from P. The total energy inter-
action is then an integral in ¢, and we obtain,

27 — — 27
)\ RT )\ RT
u:/du:/ ‘ pradyp = ‘ pza/ de,
0 r r 0

—KRT

u= 27T/\pla6 . (3)
r

r

or,

2- Particle-disc

In figure 2 we have a particle at P interacting with a disc of radius a and
uniform surface density of particles ps;. Using the previous result with p; =
psdz, we can write interaction energy of the particle with the circle of radius
x and thickness dzx,

—RT

du = 2w \psdz e (4)
r

The interaction energy depends on an integral in x,



u:/du:27r)\ps/ dezs—.
0 r

The distance z is constant, but not x and r. We have then,

r? =2+ 2%,

hence,
2rdr = 2xdx ,

and,

N

u = 27r)\ps/ dre™""

The limits of integration are r(z = 0) = z and r(z = a) = V22 + a®.
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Fig. 2. A particle at P intercat with a disc of radius a.

Evaluating the integral we have the interaction energy among the particle
and the disc,

u

= 2T [ o] (5)
K

3- Particle-sphere (as an assembly of discs)

The interaction energy among a particle and a sphere can be evaluated con-
sidering a sphere as an assembly of discs (fig. 3). If the sphere has constant
volume particle density p,, the particle surface density of a disc with thick-
ness dz' is ps = p,dz’.



Fig. 3. A particle at P interact with a sphere of radius a.

Using the previous result, the interaction energy among a disc of radius
R and a particle is,

2mAp,d= , |
du = % [e—“(z—z) —e " (z—2')2+R2 ‘ (6)
The distance between the disc and the center of the sphere is z’. Also,

R +27=ad>.
hence,
(z— 22+ R*=2* -2z +a*.

The expression (6) is then,

2w \p,dz’ 7 /
du = — T z z |:€—n\/z2—2zz +a? e—n(z—z )] 7 (7)
and the interaction energy is,
2t \p, [T° oy a1 /
u= /du = — Wﬁp / dz [e*” 2222l tat _ goh(zmz )] - (8)

We define in the first integral,
22 =22 — 222 +d?,
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then,

dz = _wde

The equation (8) becomes,

2T APy 1 [ ta /
w— — TTAP |:__ / rdre " — / dzle—n(z—z ):| ,
K % Jzta —a

2mAp, [1 [*T ta ,
u= T {—/ xdxe_’“”—/ dy/e =2 )] : (9)

K %2 Jz—a a

or,

Evaluating the integrals we obtain,

_ 2mApy e

u {e"(ka—1) + e "(ka+1)} . (10)

K3z
Defining the function,

flz)y=e®(x—1)+e *(x+1), (11)
we have,
27 Apy e "
w= T () (12)

4- Particle-infinitesimal shell

We may consider an infinitesimal shell, that is, a spherical shell of infinites-
imal thickness, as an assembly of circles and use (3) to write du, and then
integrate over the shell. Figure 4 shows a spherical shell of radius a interact-
ing with a particle at P.

The element of area is,

dA = a’*senfdf dy,

or,

dA = 2ma*senf db,

since we have symmetry in the angle .



Fig. 4. A particle located at P interact with a shell of radius a.

Using (1) we have,

67!{7’

du = psd AN

r Y
where p; is the uniform particle surface density on the shell. The number of

particles in dA is therefore p,dA, and all are at the same distance r from P.
Substituting dA,

e—K/T’

du = 2ma’pshsen 0 df p
The variables r and 6 are related by,

r? = a® + 2* — 2zacos b,

hence,
2rdr = 2zasen 0 d6 ,
and,
sen@dg = "I
za



Substituting this in du we obtain,

du = QWpSAgdre_’” . (13)
z

The interaction energy between the shell and the particle at P is then,

a z+a
u= /du = 27rp5)\—/ dre™"" |
z zZ—a

—KZz

u = 2waps\ c
Kz

or,

(e —e7"). (14)

5- Particle-sphere (as an assembly of shells)

We may evaluate de interaction energy between a particle and a sphere con-
sidering the sphere as an assembly of shells (fig. 5). If the sphere has a
volume particle density p,, the surface particle density of a shell with radius
r and thickness dr is ps = pydr.

Fig. 5. A particle located at P interact with a sphere of radius a. The solid
sphere is considered as an assembly of spherical shells, each with radius r
and thickness dr.

Using (14) we have the interaction energy between a particle and a shell
of radius r as,



du = 27Tpvdr/\L€_”Z(em —e ).
Kz

This expression must be integrated in r to give the total energy u,

u = /du = 27rp,u/\6 / rdr(e™ —e ).
0

RZ

We obtain,

—KZz

€ ra —ka
u= ZWAva [e"(ka — 1) + e " (ka+1)] ,

or,

2
w= 220 ()

K3 z
that is identical to (12), as it should be.

6- Two spherical shells

(15)

(16)

We consider now two spherical shells of radius a e b, and particle surface
densities pl, ps (fig. 6). We write du as the interaction energy bwtween one
of the shells and an element of area dA at the other sphere. Using (14) we

have,

du = 27Tp;(p3dA))\ie’” [e* — e
KT
Substituting dA = 27b?sen 6 d 6,

e—HT

[eﬁa _ e*fia] .

du = 47°b* o ps A lsengdo
K r

(17)



Q

Fig. 6. Two spherical shells at distance z.

The relation between variables r, 6 is,

r? = b? 4 2% + 2zbcos

therefore,

rdr = —zbsen0d@o .

The interaction energy is then,

1 z—b
u = /du = —4mlabplps \—[e"* — e~ ] / dre™""
Kz z+b
or,
u = 4m?abplp i(em — e ) (e — e_“b)im (18)
ST 2 z

7- Sphere (as an assembly of shells)- spherical shell

A sphere may be considered formed by spherical shells. Using this repre-
sentation we may evaluate the interaction energy between a sphere and a
spherical shell (fig. 7). If the particle volume density of the sphere is p,, the



particle surface density of a spherical shell with thickness dr is pl,
Using the expression (18) we write du as,

—KZz

A
du = 47°bpy,ps ?(e"b — e_"“b)eT(e’" —e "yrdr,

and the interaction energy is,

>\ K — K 6*52 “ RT —RT
u = /du:47r2bpvp5?(e Ly b)—/o (" — e " )rdr.

z

Evaluating the integral we obtain,

>\ e—l‘{Z

u=4rbpyps — (e — ™) {e"(ka — 1) + e "**(ka + 1)} .
K

or,

—RZz

e

A
o 2 kb —kb
u = 4m bpvps rd (e —€ )f(’ﬁa) P

Q

= pydr.

(19)

Y

(20)

Fig. 7. A sphere as an assembly of spherical shells interacts with a spherical

shell at distance z.
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8- Sphere (as an assembly of shells)-sphere

We can now evaluate the energy of interaction between two spheres consider-
ing one of them as an assembly of spherical shells (fig. 8). Using the equation
(20),

—KZzZ

A
du = 4% p,pl, o {e"*(ka — 1) + e " (ka+1)} ‘ rdr(e™ —e ). (21)

z

The energy of interaction is then,

—KRZ

e

X

A
u = /du = 4712 p,p, o {e"(ka — 1) + e " (ka+1)} .

b
X / rdr(e™ —e ).
0

Evaluating the integral we have,

A ra —RaQ
u = 4rpyp, = {e"*(ka — 1) + e "*(ka+1)} x

—KZz

x {e™(kb—1)+e ™ (kb+1)} ¢ :
z

or,

—KZz

w = 40, S () F(0) (22)
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Fig. 8. Two spheres interacting at distance z. One of them can be considered
as an assembly of spherical shells.

9- Finite shell-particle

With the previous results we can evaluate the energy between a spherical
shell of finite thickness and a particle. Using (16),

= 2P () — fma)] < (23)
in which we consider a shell of finite thickness, of internal radius a and
external radius b. The energy of interaction with a particle may be written
then as the energy with a sphere of radius b minus the energy with a sphere
of radius a.

It is interessing to study the limit of an infinitesimal thickness. We make
b =a + d and take the limit 6 — 0. We have,

u
K3

f(kb) — f(ka) = (e" — e ")K%ad + O(kd)?, (24)
hence,
e*ﬂz

u = 2malp,0(et — e ") —— .
Kz

12



In the limit 6 — 0 the product p,0 becomes the surface density p,, and the
above expression becomes identical to (14), for the interaction between a
particle and an infinitesimal shell.

10- Finite shell-Infinitesimal shell

We consider now a shell of finite thickness, with internal radius a and external
radius b, interacting with a shell of infinitesimal thickness with radius c¢. We
write the energy of interaction as the energy between the shell and a sphere
of radius b, minus the energy of the shell with a sphere of radius a. Using
the relation (20),

e—K/Z

u = Acpups (e — e )T (kD) ~ F(x0)]

We may obtain the energy of interaction between two shells of infinitesimal
thickness doing b = a+ ¢ in the above expression and taking the limit 6 — 0,
as before.

(25)

11- Finite shell-sphere

The energy of interaction between a finite shell with internal radius a external
radius b, with a sphere of radius ¢, can be written as the energy between two
spheres of radius b and ¢, minus the energy between two spheres of radius a
and c. Using the equation (22),

—KZzZ

u = 47, 25 FROF (D) — F )]

In the limit 6 — 0, with b = a + J, we obtain (20), for the energy between a
sphere and a shell of infinitesimal thickness.

(26)

12- Finite shell-finite shell

We consider a shell of finite thickness with internal radius a and external
radius b, interacting with a finite shell with internal radius ¢ and external
radius d. With the expression for the energy between two spheres, eq.(22),
we have,

u = (ubd - uad) - (ubc - uac) )
u = Ao, 5 [F(sb)Fnd) — F(ra)f(nd)
— [ () f(ke) + f(ka) f(rc)]

—RZz
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or,

)\ e*I{Z

u=A47"pup, =

[f (rd) = f(re)][f (D) — f(ra)]. (27)

We consider the limit of infinitesimal shells. Doing first ¢ = d + € and then
e — 0, and using (24),

A —RZz
u=47"pup, — :

(e = e[ (k) — S (ra).

Substituting ple by p., we obtain the energy of interaction between a finite
shell and an infinitesimal shell,

)\ e—){Z

u = 41 cpyps pl

(€ —e7™)[f(kb) — f(Ka)].

Using again the expression (24), now doing b = a+4, we obtain the expression
for the interaction between two shells of infinitesimal thickness, in the limit
0 —0,

z

—RZz

A
u = 4r*acpsp, Ee

. (elic _ efnc) <€ma _ efmz) 7

in which we replace p,0 by ps.

13- Particle-infinite line

We consider now the interaction between a particle and an infinite line (fig.
9). One example of this system is a solution of linear polyelectrolytes [27].

dz

Fig. 9. A particle at P interact with an infinite line at the z axis.
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The infinitesimal energy between the particle and an element dz of the
line is,

—RT

du = \E

pdz .
,

We see from the figure that 72 = 22 4+ R?, hence,
+00 o —ky/FTFZ +00 y—ny/FPF?
z=2\p

—d ——dz.

Doing the change of variables R*t? = R? + 22,

+oo 7I€tht
u = 2)\pl/ ¢ )
1 2 —1

The above integral is the integral representation of the modified Bessel func-
tion of the second kind, of order zero, K. Therefore,

U= Ap,

u =2 p Ko(kR). (28)
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System

Particle

-circle of radius a

e—HT’

2w A\pia
r

2T AP
Particle _ETAP [6—nm _ e‘“z]
K
-disc of radius a
2 )\ ¥ —KZ
Particle ™ 3/0 f(ra) e
R z
-sphere of radius a

. e*KiZ B

Particle 2waps\ ("0 — e~xa)
Kz

-spherical shell of radius a

—KRZz

Two spherical shells 47T2abpapb—2(e“a — 7R (e — e_”b)e—
K z
of radius a e b
: 2 A Kb —Kb —hz
Sphere of radius a Ambpyps—; (€™ — e ) f(ka)
K z

and spherical shell of radius b

Sphere-sphere

A —K2
47T2bpapbgf(’fa)f(’ib) .

Finite shell -

particle

—RZz

2T (i) — f ()]

K3 z

Table 1. Interaction energies for some systems (see text).
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System u

e—HZ

A
Finite shell- 4% cpyps E(e’fC —e ") [f(kb) — f(ka)]

infinitesimal shell

e—H,Z

Finite shell- 472 p,pl, %f(/ﬁc) [f(kb) — f(ka)]

sphere

>\ —RKZz
Finite shell- 472 pyp), 5 ¢

finite shell

[f(rd) = f(re)][f (D) = [(ra)]

Particle- 200 Ko(KR)

infinite line

Table 1 (cont.). Interaction energies for some systems (see text).

2 The free energy for spherical colloids

In this section we write de Helmholtz free energy for a colloidal solution with
N, polyions, which are spheres of radius @ and charge —Zq, and positive
counterions of charge +q each, the proton charge. We can also have mono-
valent salt, or other valent salts, in the system. The free energy is a sum of

the main contributions [24],

F:Ed+Fent+Eon+Fdh+Fppa (29)
where Fj; is the ideal gas term,

BFq=3" NJnp:—1], (30)
and the sum is over all species, polyions and free ions. The dimensionless
density is p* = pa®, B = 1/kT, and k is Boltzmann constant.

The entropic term describes all possible configurations of n condensed

ions at Z sites [24, 39],

BEFent = ZNymInm + (1 —m)In(1 —m)], (31)
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with m = n/Z being the association fraction. The term describingeach with
charge —(1 —m)gq, is [24, 39]

N,(Z —n)?
Foo=P= "/
/B won 2T* ?

with T* = 4dweakT/q?, and ¢ is the absolute permitivity of water.

(32)

2.1 The interaction of the colloid and the ionic solution

The ionic solution contains spherical molecules of diameter and charge very
larger than the ions in solution. We obtain an approximated Helmholtz free
energy througy Debye-Hiickel theory [3]. We consider a spherical molecule
with radius a and charge (), in a ionic solution characterized by the parameter
k, the inverse Debye screening length. The ions in solution are considered as
punctiform particle. We consider three cases: the charge at the center of the
sphere, the charge uniformly distributed over the volume of the sphere, and
the charge uniformly distributed over the surface of the sphere.

(a) Charge at the center of the sphere.

In this case, according Debye-Hiickel theory, the electrostatic potential
around the colloid is,

¢i: Q +A7 T’SCL,
4me;r
Befﬁ/l"
¢e: ) T2a7
T

where ¢; is the permittivity in » < a and € is the permittivity in the ionic
solution, in » > a. The derivatives with respect to r are,

de: = ——Q r<a
dr Amer?’ -
do, kBe "  Be ™" S
=— — , r>a
dr r r?
Using the boundary conditions,
d¢z d¢e

Gile) = 6.(a),  eota) = <24 a),

we obtain,
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R I —
dmea |1+ Kka €

B Qeﬁa
 dre(1 4 Ka)
If ¢, = ¢,
_ Qr
~ Adne(1+kKa) '
ant the electrostatic potential is,
¢i = Q - QK ) r S a,
drer  4me(l + ka)
o= T T s (33)

:47T€1+/€a r

The Helmholtz free energy due to electrostatic interaction between the
colloid and the ions in solution evaluated charging the potential ¢ given by
the second term in ¢;,

— P . p— — _—Q%

¢ - ¢z QSZ(I{ - 0) - 47'('6(1 + /€CL) . (34)
Therefor,
dF =dQ,
Q
K

F:/Wgz—m/o QdQ,

@k

Sme 1+ ka (39)

We note that ' — 0 if kK — 0, as expected.
(b) Charge uniformly distributed at the volume of the sphere.
The electrostatic potential is given by,

¢; = A+ Br?, r<a,
Oefnr
Ge = , r>a.
”
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The derivatives of ¢ are,

do;
=2B
dr "
dp.  kCe™™  Ce "
ar —  r 20 rza.

We have three constants to find. The constant B is evaluated from Gauss

law,
75 Bas =%
€
We obtain, for r < a,
. Q
8me;ad
To determine A and C' we use the boundary conditions,
dgi, . doe
6i(0) = dela), @ Tia) =),
obtaining, with ¢; = ¢,
_Q 3+ka
- 8meal+ ka’
B Qeﬁa
 dre(1+ka)
The electrostatic potential is then,
2
b = Q 3+ra  Qr 7 r<a,
8real+ ka  8mea?
Q efia e—H/’I"
e == 9 Z . 36
¢ del +Ka 1 r=a (36)

The electrostatic potential for » > a is the same as before. The potential v
is,

Qr
4re(l + ka)’
as before. Then we have the same free energy,

VY =0¢i— ¢i(k=0) = (37)
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Q* &
F=—— . 38
8me 1+ ka (38)
(c) Charge uniformly distributed over the surface of the sphere.

The electrostatic potencial is,

¢i:A7
B—:‘i’r‘
Ge = € , r>a.
r

The derivatives of the potential are,

do;
=0
dr ’
dp.  KkBe™™  Be™™ S
dr ~  r 27 r=a

The constants A and B are determined as before by the boundary conditions,

¢i(a) = ¢c(a),  €E(a) — 6B, (a) = oq,
where 0, = Q/4mr? is the surface charge density of the colloid. We obtain,
using €; = e,

_ @ 1
 dweal + ka’
B Qe:‘ﬁa
 dre(1+ka)
The electrostatic potential is then,
Q 1
J— <
o dreal + ka’ =
¢ Q e:“Ca e—f‘i’f' > (39)
e — s r-a.
dmel +kKa 7
The potential ¢, is the same, as expected. The potential ¢ is given by,
Qr
=¢i —¢i(k =0) = —— ’ 40
V= 0i— ik =0) 4me(1 + Kka) (40)
as before. Therefore we obtain the same free energy,
2
_ @ s (41)
8me 1+ ka
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2.2 The polyion-polyion contribution

The equation (18) is our approximation for the interaction energy between
spherical colloids in the ionic solution, considered as spherical shells. We
note that this is not exactly the same form of the repulsive term of the
DLVO potential [2, 19, 20, 24]. We will return to this point later. If all
colloid molecules have the same charge and diameter, we may write,

Z—n q°
s =P, = —— A= — 42
Ps = Ps = “rg2 4me (42)
in which we consider a colloid with radius a and Z negative sites. At equi-

librium there are n associated positive ions at the colloid. Substituting in

(18)7

Z_ 2.2 Ka __ ,—Ka\2 ,—Kz
y L) g (e — ) e (43)

16me k2a? z
We can verify that this expression, in the limit x — 0, reduces to,

7 _ 2.2
u = ﬂ , K _> O7
Amez
as expected. This interaction energy may be used to evaluate the van der
Waals free energy [3, 5, 24, 39]. The contribution to the Helmholtz free

energy due to polyion-polyion interaction is then,

1
BEpyp = §Piv/5Ud37"a

where p, is the number density of a polyion with n positive associated ions.
This forms what is called a complex of a polyion and n associated counterions.
We consider here all complexes with the same siza n, hence p,, = p, = N,,/V .
A complex size distribution may also be determined [17]. The result for F),,
is,

TV
Fr, =—
B 2k4aT™

The DLVO potential [19] has also been used in colloid studies [24]. We
include this possibility here for comparison. The interaction energy between
two spherical colloids in DLVO theory is,

(Z —n)?p2(e™ — e ")2e (1 + 2kKa) . (44)

q2(Z _ n)Z 6250, e hr
dre (1 +ka)? r

The corresponding contribution to the free energy, evaluated with van der
Waals theory, is [24],

(45)

Uprvo =
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2a’V 1+ 2ka
st Z . 2 2 ]
T+ ( n) pp(/m)Q(l + ka)?

The results with both interaction forms are shown below.

BFprvo = (46)

3 Resultados

We consider only the free salt case, that is, ps = 0. In figure 10 we have the
association isotherms as function of Z for three different temperatures. In
figure 11 we have the association fractions as function of T* for three different
densities of polyions. In figure 12 we have G X p in dimensionless units for
fixed T*. We see a phase transition. Figure 13 shows the phase diagram
T* X py for the system without several excluded volume terms included.
Figure 14 shows the T™ x m diagram corresponding to the diagrams in figure
13.

Figure 15 shows the phase diagrams for the system with free energy cor-
responding to the interaction between polyions given by (44), evaluated with
the interaction between spherical shells (43). We also show the phase dia-
gram using (46), corresponding to the interaction between polyions given by
DLVO theory, equation (45), for comparison. In both curves we have not
any excluded volume form.

1 T I
0.8 i
i — T*=10 1

— T*=20

0.61 T*=30 ]
m H .
0.4 .
0.2} i
i ]

0 | | | | |

0 1000 2000 3000 4000 5000

z

Fig. 10. Associated fraction as function of Z, for p; = 0,01 and p; = 0.



1= — p,*=0,001 N

0,2
0 20 40 60 80 100
T*

Fig. 11. Associated fraction as function of 7%, for p¥ = 0, Z = 100 and
different densities of colloids.

\ \
S22, .

-22,8-

*-2291-
g

L1 | | | |
-0,001 0 0,001 0,002 0,003

Fig. 12. Graphic of g* x p* for the system with Z = 100, p = 0 and
T =0, 2, without excluded volume terms.
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T
0,15}

0,1
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0,12

Fig. 13. Phase diagram for the system with Z = 100 and p = 0.

0,3

0,25

0,2
T* -
0,15

0,05 ‘ :
0,95 0,96 0,97 0,98 0,99
m

Fig. 14. Association fractions corresponding to the diagrams in figure 13.
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0,28
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0,2 H

0,08

0,04 - -

| |
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Fig. 15. Phase diagrams for the system with free energy corresponding to the
interaction between polyions given by (44) (black line), evaluated with the
interaction between spherical shells (43). The red lineis the phase diagram
using (46), corresponding to the interaction between polyions given by DLVO
theory, equation (45).
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