8 - A equacao do calor em coordenadas esféricas

Procedemos aqui da mesma forma que no caso da equacao do calor em coor-
denadas cilindricas. A equacao da conducgao do calor é,

ou

i KV . (1)
Escrevendo a solugao u na forma,
u(t,r,0,p) = F(r,0,0)T(t). (2)
temos como antes,
T(t) = Aexp(—r\*t). (3)
A equacao para F é,
VEF+ NF=0. (4)

Consideramos agora a equacao do calor com todas as variaveis explicitamente.
Em coordenadas esféricas, a equagao (4) fica,

10 ( ,0F 1 0 or 1 O*F
— () =2 il LN =
r2 or <T or ) + r2sen 6 0 (sen 0 00 > + r2sen? 6 0p? A 0 5)

Consideramos agora os diversos casos possiveis.

1 Considerando F = F(r)

A equacao (5) fica,

1 d [ ,dF
—— (1P| +XNF=0 6
r2 dr <7“ dr) * ’ (©6)
ou,
r*F" +2rF + (\r)’F =0, (7)
com solugao [6,7],
F(r) = r a1 Jy o (Ar) + asYi o (A1) - (8)



A solucao geral é entao,

u(t,r) =T{)F(r) = exp(—/\Ql-ﬁf)r—l/2 [arJ1j2(Ar) + asYy 2 (Ar)] (9)

em que fizemos A = 1. Usando o principio da superposicao a solucao geral é,

u(t,r) = co + douo(r)
+ Z exp )\2Ht [alle/g(/\jT) + a2j}/1/2(/\jr>] ) (1())

em que ¢y, dy sao constantes e uy ¢ uma solugao da equacao de Laplace. Os
dois primeiros termos correspondem a solucao estacionaria, obtida fazendo o
limite ¢t — 0o. Se escolhemos ¢y = 0 e dy = 1 a solucao é,

U(t r)= Uo —|— Z eXp )\2:‘it [alle/g()\jr) -+ a2j}/1/2(>\jr>] . (11)

2 Problemas

1. Considere uma esfera de raio a. Calcule u(t, r) sendo u(t,a) = u, e u(0,7) =

f(r).

Escrevemos a solugdo finita como,

u(t,r) =wuo(r Zalj exp( /\?K}t)r_l/Zjl/g()\j’f’).

A solugao estaciondria € ug(r), a solugdo da equagao de Laplace, correspon-
dente ao limitet — oco. Em r = a,

u(t,a) = uq = up(a) + Y ai; exp(—A?%t)r_1/2J1/2(Aja) :
J
Satisfazemos a equagao acima escolhendo,

Jl/g()\ja) = 0, jI 1,2,...

A condicao acima define os valores possiveis de \;. Portanto,

Ug = up(a),



e a solugao estaciondria é constante, ug(r) = up(a) = u,. A condi¢ao inicial
nos dd,

w(0,7) = f(r) = u, + Zaljr_1/2jl/2()\jr) ,
J

ou,

—Ua Zalj / Jl/Q )\ T)

Temos assim uma expansao em série de funcoes de Bessel. Multiplicando a
equagao acima por 7‘3/2J1/2()\k7’) e integrando em r,

/Oa[f(r) — ug|r*? Iy (N )dr = Zau /Oa rJ12(Njr) J 2 (Aer)dr .

Usando a ortogonalidade das fun¢oes de Bessel,

/a 0, J#k,
TJl/Q()\jT)Jl/Q()\kT)dT = CL2 , )
0 E[Jl/Q()‘ja)]z , J=k,
temos,
a 2
/0 [F(r) = wa)r®? Ty ja(Apr)dr = e [Jl/z()\ka)]
Portanto,

= Ty )~ s

aik
A solugdo € assim,
u(t,r) =1u, + ZeXp(—/\zl{t)’f’_l/ZJ:lm()\jT) X
J
2 a
X AT P | 1) = s (rdr-

a?[ 1/2( J

(b) Podemos simplificar a expressao acima substituindo,

2
Jija(x) = \/%senx.

Portanto,



J{/2 ”77)\ / alrsen (A\r)dr.

Os wvalores de \ sdo dados por,

2 .
Ji2(Nja) = msen()\ja) =0, j=1,2,...
j

ou,

/\jCL :j7T.

Assim,

u(t,r):ua—i—Zexp[ (jm/a) Iit]l 2263 sen (jmr/a) x

Xa2[1/2]77/ [f(r) — ug|rsen(jmr/a)dr

Substituindo Ji ;5(7j) = (=1)71/2/7%j temos,

u(t,r) =1u, + 2: Zexp[—(jw/a)%t]sen (jmr/a) X
1 a

x? ; [f(r) — ug|rsen(jmr/a)dr

(c) Se f(r) = fo constante temos,

u(t,r) =1u, + 27? Zexp[—(jw/a)%t]sen (jmr/a) X

x%(fo — Ug) /Oa rsen (jmr/a)dr

a

Usando,

b b
/xsenbxda: = 8622 T xcc;)s x,

temos,



2a
t,r)=1ug + —(Jo — Uq) X
ult,r) =ta + —(fo = ta)

U cxpl— (et sen v fa).

J

Se fo =0 (Churchill [12], probl. 6.1),

2auq,
u(t,r) =1u, + a

rm

Xy (_jw exp[—(jm/a)*kt)sen (jrr/a).

J

(d) Consideremos uma esfera de ferro com raio a = 20 ecm e k = 0,15
(unidades c.g.s.). Sendo u, = 0°C e f(r) = fo = 100°C, constante, calcule a
temperatura no centro da esfera apds 10 min (Churchill [12], probl. 6.3).

Temos, em r = 0,

w(t, ) =uq + 2(fo — uq) X
X Z 1)t exp[—(j7/a)*kt] .

A soma acima converge rapidamente para 0,1084, e obtemos T = 21,68°C.

2. Considere a regiao a < r < b. Calcule u(t, r) sendo u(t,a) = ug, u(t,b) = uy

e u(0,7r) = f(r).

(a) Escrevemos a solu¢ao como,

u(t,r)=up(r) + Zexp )\sz [alle/g()\jr) + ag;Y1/2(Aj7)] -

As condicoes de contorno em r = a e r = b nos dao,

U(t, CL) =Uqg = UO + Z exp )\2I<dt [alle/g()\ja) + a2jY1/2<)\ja/>] s
u(t,b) =up = uo(b) + Zexp )\Qlﬂt —1/2 [a1;J1/2(Ab) + ag;Y1/2(A;0)] .

Satisfazemos as equacies acima escolhendo,

aljjl/Q()\‘ a) + aij1/2()\‘ a) =0,
a1]J1/2()\ b) + CLQJ}/l/Q(/\ b) =0.



Devemos ter portanto,

J12(Aja)Y1/2(A;b) — Yija(Nja)J12(A0) = 0.

A equacao acima determina os valores possiveis de . Também temos,

up(a) = ug,
uo(b) = uy .

Usando a defini¢ao,

U1/2<>\j’f’) = Yi/g()\j&)Jl/Q(AjT) — Jl/Q()\ja)}/l/Q()\jr) y

a condi¢ao que define os valores de A fica,

Ul/g()\jb) =0.

Também podemos escrever,

Jl/g()\ a)
}/1/2<>\ CL)

a2j =

Resta determinar ai;. A condi¢ao inicial nos dd,

u(0,7) = f(r) ) + Zr larj J12(A\jr) + ag; Y e (Ar)] -

Substituindo as;,

1
(A1) ———
f(r) )+ Zalj U1/2 T)Y'1/2()\ja) ;

ou,

1
_ )\ -
f( Uo E ayr U1/2 T)Yl/Q()\ja> )

Multiplicando por r3/2u1/2()\kr) e integrando em r,



[0 = o)l s er ) =

1
= ZCLU/ 'I"'Ll,l/Q )\kT)Ul/Q(A T)Wdr,
J

b 1
= CN O V) [—— |
alk/a ol kr)Y1/2<)\ka) "

em que usamos a rela¢do de ortogonalidade entre as funcoes uyja(Apr) (ver
apéndice). Os coeficientes aij sao entdo,

b

[f(r) = uo(r)]r® 2wy o (\jr)dr

b
/a ru%/Q()\jr)dr

ai; = Y12(Aja)=
A solucdo € portanto,

u(t,r) =wuo(r +Zexp —Xikt)r 2019 ( A1) X
1
X X

b
/Clru%ﬂ()\jr)dr
X / ") = ()] 2y n(Ajr)dr

(b) Vamos simplificar a expressio acima substituindo,
Tua(z) [ 2 (z) [ 2
xr)=|—senx, Yip(r)=—1/—cos x.
1/2 X ) 1/2 x

w12 (A1) = Y1j2(Aja) Jija(Ajr) — Jija(Aja)Yija(Ajr),
1 2
:_ﬁﬂ)\ cos (Aja)sen (Ajr),

1 2
——=——sen(\ja) cos (A\;r),

T ar

1 2
=——=——sen)j(a—r),

var m;

1 2
=———=——sen)\;(r—a).

Var

A condicao que determina A € entado,

Temos,



1 2
U1 /2(A;b0) = ~Jarh senAj(b—a)=0.
j

Os wvalores possiveis de \ sdo assim,

Ni(b—a)=gm, j=1,2,...

ou,
Jm ,
A = =1,2
Vi (b_a)7 j » <
Temos,
b 4 b,
/ TU1/2()‘j7")dT:m/ sen” \j(r —a)dr,
a ] a
~2(b—a)
- am?)\3

em que usamos,

9 T  sen2cw
dr = - — .
/sen crdr =3 1

A solucdo € entao,

B 5 o jm(r —a)
u(t,r) =uo(r) + - ijexp —j*m?kt/(b — a)? ]SGHW
jr(r —a)
e L b o

Se u, = up = 0 temos ug(r) = 0 (Churchill [12], probl. 6.5).

3. Calcule u(t,r) em 0 <7 < a com as condigoes,

u(a,t) = u(t),
u(r, 0) = ¢(r)
4. Calcule u(t,r) em a < r < b com as condigdes



5. Calcule a solucao u(t,r) da equagao,

ou 9
— = rV*u+ au
ot ’
em 0 < r < a com as condigoes,

6. Calcule a solugao u(t,r) da equagao,

ou 9 9
— = rVu+a«a
ot ’
em 0 <r < a com as condigoes,

7. Calcule a solucao u(t,r) da equagao,

ou 9
— =kVu+ f(t,r),
-~ (t.7)
em 0 < r < a com as condigoes,

8. Calcule a solugao u(t,r) da equagao,

ou 9
— =rVu+au
ot ’
em a <7 <bcom as condigoes,

9. Calcule a solugao u(t,r) da equagao,



ou
— =V +a?,
ot

em a <17 < b com as condigoes,

u(a,t) = p(t),
u(b’ t) = VJQ(t) )
u(r,0) = o(r)

10. Calcule a solugao u(t,r) da equagao,

ou :
E—KV u+ f(t,r),

em a < r < b com as condicoes,

3 Considerando F(r,0)

Agora a equagao para F' é,

1 0 ([ ,0F 1 0 OF 9

— 22 . — F=0. 12

r? or <7’ 8r>+r256n086 (sen989>+)\ 0 (12)
Substituindo,

F(r,0) = R(r)©(0) , (13)

temos,

l / 2 it 2.2 "N = _,,2

R(QTR +r°R") 4+ \r® = Seng@(sené’@) =—u.

Da equacao acima obtemos,

R’ +2rR + (\*r* + i) )R =0,
(sen O") — u?sen O = 0.

10



A solugao para R é [6,7],

R(r) = T_1/2[01Jn+1/2()\r) + c2Yoq1/2(A1)],

com,

nin+1) = —p?.

A equagao para © fica entao,

(sen0©’) + n(n+ 1)senb© =0,

que é a equacao diferencial de Legendre, com solucao,

O(0) = by P, (cos ) + b, (cosb) .
A solucao geral da equacgao do calor é entao,

u(t,r,0) =co + doug(r, 0) + Aexp(—rA?t)r—1/% x
X[c1Tny172(A1) + caYoia/2(Ar)] X
X [b1 Py (cos 8) + ba@y,(cos 0)]

ou, usando o principio da superposicao e fazendo A = 1,

u(t,r,0) =co + douo(r,0) + > exp(—rA2)r~ 12 x
n

X[c1dnr1/2(AT) + caYoy1/2(Ar)] X
X [b1 Pp(cos @) + ba@y(cos b)),

(14)

(15)

(16)

(17)

(18)

(19)

em que ug ¢ solucao da equacao de Laplace, como antes. Escolhendo ¢y = 0 e

dy = 1 temos,

ult,r,0) =uo(r,0) + > exp(—rA*t)r /2 x
An
X [Cl Jn+1/2()\?"> + CQYn+1/2<>\T)] X
X [b1 Pp(cos @) + ba@y(cos b)),

4 Problemas

1. Considere uma esfera de raio a. Calcule a temperatura u(t,r,6) sendo

u(t,a,0) = f(0) e u(0,r,0) = g(r,0).

11



(a) A solugao finita é,

ult,r,0) =uo(r,0) +>_ by exp(—rA)r 2T, 11 j2(Ar) Py(cos 0) .

n

A condicao de contorno em r = a nos dd,

u(t,a,8)=f(0) = up(a,)
+ 3" brexp(—kA*t)a 2,11 2(Aa) Py(cos6) .

n

Satisfazemos a condi¢ao acima escolhendo,

Jn+1/2()\nja) = 0, ] = 1,2, e

A equagao acima determina os valores possiveis de \;. Temos também,

f(0) = uo(a,0).

Considerando agora a condigao inicial temos,

u(0,7,0) = g(r, 0) = uo(r,0)
+ Z blT’_l/2Jn+1/2()\an)Pn(COS 9) s

nj

ou,

g(r,0) —uo(r,0) = byr ™2 T, 01 9 (Aj7) Palcos6) .

nj

Temos uma série de polinomios de Legendre, logo,

Z blT_l/QJn+1/2()\an’) ==

J
_2n—|—1
2

/07r [g(r,0) — ug(r, 0)] P,(cos 0)senddf .

Temos agora uma série de funcgoes de Bessel. Multiplicando a equagao acima
por r3/2Jn+1/2()\nkr) e integrando em r,

12



Zbl/{) T’Jn+1/2(/\nj7“)Jn+1/2(>\nkr)dT =
J

:/0 drr3/2Jn+1/2()\nkr) X

><2n2+ 1/0 lg(r,0) — uo(r,0)] P, (cos 0)senddf .

Usando a condicdo de ortogonalidade,

a 0 j 7é k7
/0 T‘Jn+1/2(/\nj7“)<]n+1/2()\nkr)dT = a

E[J:L+l/2()\nja)]27 j=k,

N

temos,

2
a !

blg[ n+1/2<>‘nka)]2 =
:/ drr?’/QJnH/g()\nkr) X
0

X 2n2+ ! /Ow[g(r, 0) — ug(r,0)] P, (cos0)senbdf .

Portanto,

b, = 2 X
F a2 (Awa)2

></0 drr3/2Jn+1/2()\nk7") X

><2n2+ 1/0 [g(r,0) — uo(r, 0)] P, (cos 0)senddb .

A solucdao € portanto,

u(t,r,0) =up(r,d)
Z exp(—rAZt r Y2 Toi1/2(Anj7) Po(cos 0) x
2

ST Ol

n+1/2

X/O dr T3/2Jn+1/2()\njr) X

2 1 47
X n; / lg(r,0) — uo(r, )] P, (cos 0)senfdb .
0

(b) Se f = fo constante, ug(r,0) = fo, logo, se g = g(r),

13



u(t,r,0)= fo+ Z exp(—ﬁAgjt)r_l/QJl/g(/\ojr) X
J
X 2 X
a®[J1 j5(Aoja)]?

X /Oa dr 2 Ty ja(Aojm)[g(r) — fol -

< b. Calcule a temperatura u(t,r, ) sendo

< r b
= g<9)> u(

2. Considere a regiao a
0,r,0) = h(r,0).

u(t,a,8) = f(0), u(t,b,0)

(a) Temos agora,

u(t,r,0) =uo(r,0) + > exp(—r\*t)r /2 x
An

X[c1dpt1/2(A1) + c2Yoq1/2(Ar)] Py (cos ) .

As condigcoes de contorno em r = a er = b nos dao as relagoes,

An
X [c1dns1/2(Aa) + Yo i1/2(Aa)] Py(cos b)),
u(t,b,0)=g(6) = ug(b,0) + > exp(—rA*)b~? x
An
X[c1Jpt1/2(AD) + c2Yiq1/2(AD)] Py(cos 0) .

u(t,a,0)=f(0) = uo(a,0) + > exp(—rA*t)a~ V2 x

Satisfazemos as condigoes acima escolhendo,
C1 Jn+1/2()\a> + CQYnJrl/Q()\CL) = 0,
01Jn+1/2()\b) + CQYnJrl/Q()\b) =0.

Portanto os valores de A sao dados por,
Int1/2(Anj@)Yor1/2(Anjb) = Yoia/2(Anja) Jny1/2(Anib) =0, j=1,2,...

ou,

un+1/2<)\njb) = 0,

com,
14



Un+1/2()\nj7“) = Yn+1/2()\nj@)Jn+1/2()\nj7’) - Jn+1/2()\nja)Yn+1/2()\nj7’) .

Também temos,

f(0) = uo(a,b),
g(0) = up(b,0) .

Substituindo na solugao,

Jn+1/2()\nja)
Yn+1/2(>\nja) 7

Cy = —(C1

temos,

u(t,r, 0) =uo(r,0) + Z c e}(p(—f@)\fUﬁ)FI/2 X
nj

1

————P,(cosb),
Yn+1/2()‘nja) ( )

Xun+1/2(>\nj7“)

A condicao inicial nos dd,

w(0,7,0) =h(r,0) = ue(r,0) + > crr V2 x

nj
1
Xun_i_l/g(Aan)mPn(COS 9) s
ou,
h(?”, 9) - UO(Ta 0) =
1
_ —1/2
= o Pupg12(A;r) =P, (cosb),
%-: T, e (Anga)

Temos uma série de polinomios de Legendre, logo,

1

n+1/2(>\nja

/ow[h(r’ 0) — ug(r,0)]P,(cos0)send db .

chr_1/2
J

_2n+1
2

)un—&-l/Q()\njr) -

A expressao acima € uma série de funcoes de Bessel. Multiplicando por T3/2un+1/2(/\nkr)
e integrando em r,

15



1 b
T | drTunsa (AT Ungaja(Ankr) =
g o O PO

b
:/ drrg/QunH/g(/\nkT) X

><2n2jL ! /Uﬁ[h(r 0) — ug(r,0)]P,(cosB)send db .

Usando a ortogonalidade das fun¢oes de Bessel,

b
/ Tun+1/2(Anjr)un-&-l/Q()\nkr)dr = 07 ] 7& kv

temos,

1

cg— | drru AT
1Yn+1/2 nka / n+1/2( " )

b
:/ dr 3/ 2Un+1/2(/\nk7“) X

2 1 /7
X n2+ / [h(r,0) — ug(r,0)] P,(cos 6)sen db
0

ou,

Yn ATL
c1 +172(Anic) drr un+1/2()\nkr)><

/ dr run+1/2(/\nk7’) “

2 1
X n2—i— / [h(r,0) — ug(r,0)] P(cosf)send db .
0

A solucdo € portanto,

u(t7 T, 0) - UO(T 9)
—i—ZeXp /1)\2 ’1/2 X
xun+1/2()\n]r)Pn(cos 6) x

1 b 3
7 X / dr 7 Uy 41 72( A1) X
/a dr Tun+1/2()‘nj7">

2 1 g7
X n2+ / [h(r,0) — ug(r,0)] Py(cosf)send db .
0

(b) Se ug(r,8) = uop(r) e h(r,0) = h(r),

16



u(t,r, 0) =wuo(r)
—i—ZeXp /i)\oj /2u1/2()\0j7°) X

1

/drrulﬂ()\oj )

[ s Qg ) — o).

3. Calcule u(t,r,0) em 0 <7 < a com as condigoes,

4. Calcule u(t,r,6) em a < r < b com as condigoes,

u(t,a,0) = ui(t,0),
u(t,b,0) = us(t,0),
u(0,7,0) = @(r,0) .

5 Considerando F(r,0,p)

A equagao para F' é dada por (5),

ig aF _{_;g Qaj +;£+)\2
2or \' or P2senf 00\ 99 r2sen? 6 0p?

Substituindo,

temos,

(sen 0O') + "+ N\ =0,

sen? 0O

1 2 DI/ 1
(i) +Sen6’@

R

ou,

1 _ 2
sen? 0P o= (22)

l 2 I/ 2,2 1
R(TR> HAT = sen O

A equagao para R é assim, como antes,

(sen Q") —

17



R+ 2rR + (\r* + ) )R =0, (23)

com solucao,

R(r) = T_1/2[01Jn+1/2()\7‘) + coYni1/2(A1)] (24)

n(n+1) = 2. (25)

Para © e ® temos,

1
_seg 0 (sen #O') + pPsen? § = 6(1)” =-—m?.
A equacgao para O é,
sen f(sen #O') + [n(n + 1)sen? § — m?|© = 0, (26)

que é a equacao diferencial associada de Legendre, com solucao,

©(0) = by P (cosh) + ba@Qrr(cos b)), (27)

em que P e Q" sao fungoes associadas de Legendre do primeiro e do segundo
tipo, respectivamente. A equacao para P é,

"+ m?d =0, (28)

com solugao,

O(p) = ay cosmp + asgsenmep . (29)

A solucao geral é entao, usando o principio da superposicao, e escolhendo
Co = Oa dO = 1a

u(t,r, 0, ) =uo(r,0,p) + Z exp(—nAQt)T—1/2 «

Anm
X [01Jn+1/2()\7’) + CQYn_H/Q()\T’)] X
X [b1 P (cos ) + QT (cos 6)] x
X [ay cosmp + agsenmy|

em que ug(r, 6, p) é uma solugao da equagao de Laplace.

18



6 Problemas

1. Considere uma esfera de raio a. Calcule a temperatura u(t,r, 6, p) sendo
u(t,a,0,0) = f(0,¢) e u(0,r,0,0) = g(r,0,0).

(a) A solugao finita é,

u(t,r,0,0) =uo(r, 0, 0) + 3~ exp(—kX)r™/% x
Anm

X Jny1/2(Ar) P (cos 6) x
X [ay cosmy + azsenmy] .

A condicao de contorno em r = a nos dd,

u(t,a,0,0) = f(0,¢) = uo(a,b, o)
+ 3" exp(—kA*t)a 2T, 11 2(Aa) x

nm

X P (cos 6)[ay cosmy + azsenmy)] .

Satisfazemos a condi¢ao acima escolhendo,

Jn+1/2()\nja') = 0, ] = 1, 2, e (30)

Essa equacao determina os valores possiveis de A. Também temos,

f(ea 4,0) = UO(CL, 67 90) : (31>

Escrevendo a condicao inicial temos,

U(O, T, 97 90) = 9(7"7 87 @) = UO(’/’, 97 90)
+ Z 7”71/21]”4_1/2()\”]'7“) X

jnm

X P (cos 6)[ay cosmy + assenmyp] .

ou,

g(?", 97 QD) - UO(Tv 07 90) =
= Z 7’71/2Jn+1/2()\nj7")P£n(COS 0)[a1 cosmep + azsenmyp] .

jnm

Temos uma série de Fourier, logo,
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Z T_1/2Jn+1/2(Aan)Pn(COS 8)@10 =
in

1 ™
= 5 [ lg(r0.2) = wo(r. 0,2)]da

Zr_1/2Jn+1/2(/\nj )P (cosB)ay,, =

—/ (r,0,z) — ug(r,0,x)] cosma dz,

Zr 1/2 nt1/2(AnT) Py (cos ) ag, =

—/ (r,0,2) —ug(r,0,z)|senmaxdr, m=0,1,2,...

Temos agora séries de polinomios de Legendre e fungoes associadas de Legen-
dre do primeiro tipo, assim,

2 1 4=

Zr‘1/2jn+1/2(>\njr)a10 = n; / P,(cosB)sent dh x

: 0

j

1 T
X% /_ [g(?“, (9,33') - u0<7n7 97 .T)]dl‘,
B 2n+1 m(

Zr 1/2Jn+1/2()\njr)a1m = ( 2(n)—£m / P (cosf)sen df x

—/ (r,0,2) — uop(r, 0, x)] cosmx dr,

(2n+1)(n —
2(n +m)!

ZT_1/2Jn+1/2(>\nj7“)a2m = / P (cos)sen df x

—/ (r,0,z) — ug(r, 0, z)|senma dx .

As expressoes acima sao agora séries de funcoes de Bessel. Multiplicando por
T3/2Jn+1/2()\nk7“) e integrando em r,
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Z/O d?"’I“Jn+1/2()\an)Jn+1/2()\nkT)a10 :/0 dr T3/2Jn+1/2(>\nkr) X
J

X 2n2+ ! /Tr P,(cosB)sent dh x
0
1 ™
X% _ﬂ[g(ra 97'I) - UO<T7 97 l’)]dl‘,

Z/o drTJn+1/2(Aan)Jn+l/2()\nkr)alm :/ dr 7“3/2Jn+1/2()\nk7’) X

(2n+1)(n —
2(n+m)!

—/ (r,0,z) —up(r,0,x)] cosmx dx

/ P (cosf)sen df x

/0 dr TJn—&-l/Q(Anjr)Jn—s—l/Q()\nkT)an = / dr T3/2Jn+1/2(/\nkr) X

(Qn—l— 1)(n—
2(n+m)!

—/ (r,0,z) — ug(r, 0, z)|senma dx .

/ P (cos@)send df x

Usando a condicao de ortogonalidade,

/o rdni1y2 ()\an)JnH/Q (Angr)dr =

—
o
DO -

temos,

21

a
5[ 7/1+1/2()‘nja)]2 )

J#k,
J=k,



CL2

5[ i1 2(Anpa)]?a1 :/0 dr % T i1 /2(Ankr) X
2

" n+1

2

/Tr P,(cosB)senb dh x
0

1 s

x5 [ lo(r.6,2) = uo(r.0,2)]dz.

a’ 2 32

5[ n+1/2(>‘nka’>] A1m :/ dr = Jng1y2(Ankt) X
2 1
(2n 1+ 1)n — / P (cosf)sen df x

2(n+m)!

—/ (r,0,2) — ug(r, 0, x)] cosmx dr,

a?

9 -1 7,z+1/2(/\nka)] A2m —/ dr /2 Jn+1/2()\nk7“) X
2n+1)(n—

Pm
30n +m)] / (cos@)sen do x

—/ (r,0,2) — ug(r, 0, z)|senma dx .

Os coeficientes na solucdo sao entdo,

2
drr®? Jo i1 0(An
e [J7/w+1/2( nk@)] / rr +1/2(AnkT) X
2 1
X n; / P, (cosB)sent df x
0
1 ™
X%/_ﬂ[g(?”,&,l’) - U0<7’79’x)]dx7
2 a
m — d 3/2Jn )\n
" a2[J7,1+1/2( nk@)] 2/ " +1/2(AnkT) X
2 1
( n—+ )( / Pm COSQ)S@nedQ o
2(n 4+ m)!
7/ (r,0,2) — uo(r, 8, z)] cosmz dx,
2 a
m T d 3/2Jn )\n
" a2[Jn+1/2<)‘nka 2/ nr +1/2(AnkT) X
2 1
2n+ o / P (cosf)senf df x
2(n+m)!

—/ (r,0,2) —ug(r,0, )| senmx dx .
A solucdao € portanto,
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U(t, r, 97 @) = U’O(T 07 90)
+ Z exp( /‘6)\2 1/2Jn+1/2()\njr) X

xPn(cos 6) x

2

X /a drr3? ], 2 (An;T) X
[l 1 ;5 (Anja)]2 Jo R

2n—|—1

/ P,(cos)sen® do x

x—/ (r,0,2) — ug(r, 0, z)|dx

+ Z exp( /i)\Q 1/2Jn+1/2()\njr) X

jnm

X P (cos 6) cos mep %

2 a
dr 1% J 172 (Anj
Xazwgmuma 2/ P nyangr) X
2 1
(2n+1)(n - / P (cos@)sen6 df x
2(n+m)!

—/ (r,0,2) — ug(r, 0, )] cosmx dr

+ Z exp( /i)\2 /2Jn+1/2()\njr) X

jnm

X P (cos ) senmep X

2 /a
dr 132 Joi1 j(Anj7) X
a?| n+1/2(>‘nja )J? /2
2 1
(2n + 1)(n - / P (cos)senf df x
2(n+m)!
1 U
x—/ [g(r,0,2) — ug(r, 0, z)|senmax dz .
™ J—m

(b) Se f(0,¢) = f(0) e g(r,0,p) = g(r,0), temos ug(a, 0, ) = up(a, )

n
x P, (cosf) x
G b
dr 32 Joi1 ja(Anjr) X
[‘];H-l/z( nj@)] /At
2 1
X n2—l— /Pn(COSG)senGdHX
0

x[g(r,0) — uo(r, 0)].
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(c) Se f = fo constante, uo(r,0) = fo, e se temos também g = g(r),

u(t,r)=fo+ Z eXp(—Ii/\%jt>T_1/2Jl/z()\gj’l“) X
J

2 a
dr 1% J1 2 (Aoj
T o 47 i)
x[g(r) — fol -
2. Considere a regiao a < r < b. Calcule a temperatura wu(t,r,6, ) sendo
u(t,a,0,0) = f(0,0), ut,b,0,0) = g0, ), u(0,r,0,¢0) = h(r,0,9).

(a) Escrevemos agora a solug¢do como,

ult,r,0,0) =uo(r,0, ) + > exp(—rA*t)r /% x

Anm
x[c1Jny1/2(AT) + caYop1/2(Ar)] X
X P (cos 8)[a; cosme + assenmeyp)] .

As condicoes de contorno emr =a er = b,

u(t,a,0,0) = f(0,0) = uo(a,0, ) + > exp(—rA*t)a""? x

Anm
x[c1dnt1/2(Aa) + 2V 1 2(Aa)] X
X P (cos f)]ay cosme + assenmeyp]

u(t, b,0,0) =g(0,¢) = ug(b,0,0) + Y exp(—kA*t)b~"/* x

Anm
X [ClJn+1/2()\b) + C2yn+1/2()\b)] X
X P (cos 0)[ay cosmp + azsenmyp)] .
Satisfazemos as equacoes acima escolhendo,
C1 Jn+1/2()\a) + CQYnJrl/z()\a) = O,
61Jn+1/2()\b> + CQYnJ,_l/Q()\b) =0.

Portanto, os valores possiveis de X sao definidos por,

Jn+1/2(/\nja)Yn+1/2()\njb) — Yn+1/2()\nja)t]n+1/2()\njb) = O, ] = 1, 2, Ce

ou,
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un-l—l/?()‘njb) =0,

com,

Un+1/2()‘njr> = Yn+1/2()‘nja)Jn+1/2(>\an) - Jn+1/2()\nja)yn+1/2(/\nj””) .
Também temos,

f(eﬁ 90) = UO(CL, 97 90) )
g(@, 90) = u0<b7 07 (10) )

c1 Jn-i—l/?()‘nja)
Yn+1/2<)\nja>

A solucdo fica entao, fazendo ¢; =1,

Cy = —

u(t,r,0,0) =uy(r,0,p) + Z exp(—/f/\ijt)r_l/2 X
jnm
1

2O )y )
n nj

X P (cos 0)[ay cosmy + azsenmyp)] .

A condicao inicial nos dd,

u(0,7,0,0) =h(r,0,0) = uo(r,0, )
1
+ r~12u, (A7) ———— X
j%r:n H/Q )Yn+1/2()\nja)

X P (cos 6)[ay cosmy + assenmyp]
ou,

1
h(r,0,¢) —ug(r, 0, ) U1 o (A7) 5 X
( ) 0 J%@ +1/2 )Yn+1/2(>\nja>

x P (cos 0)[a; cosme + azsenmep] .

A expressao acima € uma série de Fourier, logo,
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1

nt1/2(An1T) =Py (cos B)ayg =

Zr *Unp1/2( T)Yn+1/2<>\nja') (cos@)ayg
1 T

=5 [ I00.2) = uo(r, 0, )] do

1
ZT Un+1/2 T)WP;”(COS 0)ar, =
—/ (r,0,2) — uo(r, 0, x)] cosmx dr,
1

ZT Un+1/2 (An T)mpﬂbn(cose)%m =

—/ (r,0,x) — ug(r, 0, x)|senmax dx .

Temos agora séries de polinomios de Legendre e de funcdes associadas de
Legendre, assim,

_ 1
Sor 1/2un+1/2()\nj7“)mam =
i n nj

j
2 1 /=
n+ / P,(cosf)send db x

x—/ h(r,8,x) —uo(r,0,z)] dx,

1
P20 01 19 (A7) 1 =
Z +1/2 )Yn+1/2()\nja) 1
= _ @n+D)(n- / P (cos@)sen df x
2(n 4+ m)!
—/ h(r,0,z) — ug(r, 0, x)] cosma dx

1
Zr un+1/2 (A T)m%m =

_ (@2n+1)(n—
 2(n+m)!

—/ (r,0,2) —up(r, 0, z)|senmx dx .

/ P (cosf)sen df x

As expressoes acima sao séries de funcoes de Bessel. Multiplicando por T3/2un+1/2()\nkr)
e integrando em r,
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b 1
dr ruy, AngT ) Un AnkT) Q10 =
Z/ rru +1/2( ﬂ")u +1/2( kT>Yn+1/2(/\nja)a10

2 1
_/ dr 3/ unH/Q(/\nkT) n;_ /0 P,(cosf)sent db x

1 T
x—/ [h(r,0,x) — uy(r, 0, x)] dz,
271' —T
b 1
ZJ:/G U172 (Ang ) Unt1/2( kr>Yn+1/2(>\ Y
b 2n +1
:/ drr3/2un+1/2()\nkr)( 2(n)—£m / P (cosf)senf df x

—/ (r,0,z) — ug(r,0,x)] cosmx dz,

1
d AngT ) Un AnkT) o l2m =
;/a 2O ’”)Ynmu )"
b 2n +1
:/ drr?’/QunH/g(Ank'r’)( 2(n)—£m / P (cos0)sen df x

—/ (r,0, ) — ug(r, 0, z)|senma dx .

Usando a relagao de ortogonalidade,

b
/ 7’Un+1/2()\nj7’)’%+1/2()\nk?”)d"’ =0, j#k,

temos,
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b 1
dr ru? Al ) ——————a19 =
/ n+1/2< * >Yn+1/2()\nka) 0

2 1
_/ dr 3/ un+1/2(/\nk7“) n2—{— /0 P,(cos8)sent db x

1

X% Lﬂ[h(rv Q,I‘) - Uo(’f‘, Ha ZL‘)] dl’,
1

b
dr ru? AT ) A1y =
/a n+1/2< * )Yn+1/2()‘nka) '

b 2n+1
:/ d7“7"3/2un+1/2()\nk7")( 2( )—ifm

—/ (r,0,z) — ug(r,0,x)] cosmx dz

1
dr ru? Al ) ———————— Qo =
/a n+1/2( k >Yn+1/2()\nka) 2

b 2n +1

—/ (r,0,x) (T,H,:L’)]senmxdx.

/ P (cosf)senf df x

/ P (cos0)senf df x

Os coeficientes na solu¢ao sao entao,

o Yn+1/2(>\nka)
aio b
/ dr ruiﬂ/z()\nkr)
2n+1 =
/ dr 3/ un+1/2()\nk7’) 5 /0 P,(cosB)senf dh x
x—/ h(r,0,z) — uy(r,0,x)] dz,
Yoi1/2(Anka)
A1m = b
/ dr ruiH/Q()\nkr)
2n+1 m(
/ dr 3/ un+1/2()\nk7“)( 2(n)4Em / P (cos0)sen df x
—/ h(r,0,z) — uy(r, 0, x)] cos mzx dx,
Yig1/2(Anka)
Aom = b
/ drru2+1/2()\nkr)

2n+1)(n —
2(n+m)!

/ dr 3/ unH/g()\nkr) / P (cos@)sen df x

—/ (r,0,2) — up(r, 0, z)|senmzx dx .
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Com isso a solucao fica,

U(t, r, 97 SO) = UO(T’ 9, 90) + Z eXp<_H>\$zjt>T_1/2un+1/2(Anjr) X
Jn
1
x P, (cos ) —; X

; dr Tuiﬂ/z(/\njr)

b
X /a dr r3/2un+1/2()\njr) X

2n —|— 1
X

/WP (cos@)sen® db x
x—/ h(r,0,z) — ug(r, 0, x)] dx

+ Z exp( /s)\Q 1/2un+1/2()\njr) X
jnm

1
x P (cos 0) cos mp— X

; dr Tuiﬂ/z(/\njr)

b
></ d'r’r3/2un+1/2()\njr) X

L(2n+1)(n—

/ P (cosf)senf df x
2(n+m)!

1 U
x—/ [h(r,0,x) — uo(r, 8, x)] cos mz dx

+ Z exp( H)\Q /2un+1/2()\njr) X
jnm

1
X P (cos ) senmp— X

dr TU’?H-l/Q()\an)

b
></ drr3/2un+1/2()\njr) X

(2n+1)(n —
2(n +m)!

—/ (r,0,2) — up(r, 0, z)|senma dx .

/ P (cosf)senf df x

(b)( Sg)temos f0,0) = f(0), g(0,0) = g(0), h(r,0,0) = h(r,0), up(r,0,p) =
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u(t,r, 0) =wuo(r,0) + Z exp(—ff)\ijt)r_lﬂunﬂ/g()\njr) X

in

X P, (cos0) !

5 X

dr Tuiﬂ/z()\njr)
b
x/ dTTS/2Un+1/2()\an) X

2n+1
X
2

/07r P,(cos@)sen® dOh(r,8) — uo(r,8)].

(c) Se temos apenas dependéncia em r, isto €, f = fo € g = go constantes, e
h = h(r), temos,

u(t,r) =wup(r)

+ Z exp(—/f)\gjt)r’l/Qul/Q()xojr) X
J
1

X
/ dr ru%ﬂ()\ojr)

X /ab dr r3/2u1/2(/\0j7“)[h(7“) —up(r)].

X

3. Calcule u(t,r,60,) em 0 <7 < a com as condigoes,

u(t? a, 97 (P) = :u(t> 97 90) )
u(0,a,0,) = ¢(0,¢).

4. Calcule u(t,7,0,¢) em a < r < b com as condi¢oes,

u(t,a,0,0) = u(t,0,p),
u(t,b,0, ) = pa(t,0, ),
U(O, a, 0, 90) = QD(Q’ 90) :

7 Apéndice

(a) Série de Fourier

30



f(z) = % + Y (am cosmz + bysenmaz)
m=1
ap i 4
9 _271' 77Tf($)d$7
1 ™
am =— [ f(x)cosmzdz,
™ J—m
1 ™
by = — f(z)senmadr, m=0,1,2,...
™ J—m

(b) Polinomios de Legendre (z = cos @)

—N =8

P()(l’)
Pi(x)

Pg(ﬂf) =

(322 — 1)

Py(z) = = (52 — 32)

[l \)

Py(z) = g(35954 — 302° + 3)
1
Ps(z) = §(63x5 — 702° + 152)

1
Ps(z) = —(2312° — 3152 + 1052% — 5)

16
1

Py(z) = E(497907 — 6932° + 3152° — 35z)
1

B(z) = 58(6435:58 — 120122° + 6930x* — 12602 + 35)

Relacao de ortogonalidade:

+1 07 Tl#k,
/ P, (x)Py(z)dz 2
) nzk?
2n+1

(c) Fungoes associadas de Legendre
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Pl(z) = (1 —2H)Y? = send
P} (z) = 3z(1 — 2*)1/? = 3senf cos 0
PZ(x) = 3(1 — 2*) = 3sen* 0
Pj(r) = Z(E)x D1 —2H?2 = 2(5 cos® ) — 1)sen @
PZ(r) = 152(1 — 2*) = 15senf cos 6
P3(z) = 15(1 — 2%)*? = 15sen®
D )
Pl(z) = *(71’3 —3z)(1 —2H)Y? = 5(7(3083 0 — 3 cosf)sen
1 1
P(x) = 5( _)(1—2?) = 3(7@829 — 1)sen’
P3(z) = 105z(1 — 2)%? = 105sen30 cosd
P}(x) = 105(1 — 2*)* = 105sen’d

Relagao de ortogonalidade:

+1 07 n%ka
/_1 P (z) P (x)dx = 2 (n+m)!

2n+1(n —m)!

) n:kJ

(d) Série de polinomios de Legendre

=Y CiPy(cosb),
k=0
2k +1

Cy = /07r f(0)Py(cosf)sen b db .

(e) Série de fungoes associadas de Legendre do primeiro tipo

0) = Z Dy P["(cos @),
k=0

(2k + 1) (k — m)! /“ F(0)P™(cos f)sen 6 df,

D p—y
g 2(k+m)! 0

(f) Funcoes de Bessel

J#k,

a 07
/TJl/Q()\jT)Jl/Q()\kT)dT’: CL2 )
o S, =k,
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J#k,

0
a .
[ :z+1/2()\nka)]27 J=k,

N

/0 T Jn41/2(AniT) It /2(Aner ) dr {
2

u1/2(Ajr) = Yija(Nja) Jia(Njr) — Jija(Aja)Yija(Ar)

b
/ rur 2 (Ajr)urp(Aer)dr =0, j#k.

Expansao em série de fungoes uy/2(A;7),

fr) = ZAJU1/2()\J'7”) ,

/ab rf(r)ug o (Njr)dr

A; = .
/a TU%/Q()\jT)dT

J

un—i—l/?()\njr) = Yn+l/2()\nja)Jn+1/2(/\an) - Jn+1/2(/\nja)Yn+1/2(/\an) )

b
/ Tun+1/2()\nj7’)un+1/2()\nkr)d"’ =0, j#k.

Expansao em série de funcoes tp,1/2(An;7),

flr)= Z Ajun+1/2()\nj7“) )
J

/ab 7 f (1) Ung1/2(Anr)dr

A= -
/ar“n+1/2()‘nj7")d7”

J
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