11 - A equacao da onda em coordenadas esféricas

A equacao da onda é,

1 0%u
QU = "5 ;0 (1)

v2 Ot?
em que u = u(r,0,p,t) e v é uma constante com dimensoes de velocidade. E
a velocidade de propagacao da onda. Separando as coordenadas espaciais do

tempo,

u(t,rb,¢) = TO)F(r,0, ). (2)
Substituindo (69) em (68) temos,

1
TV?F = < FT",
v
ou,
1 17"
—V*F = - =-)\2. 3
F v2 T )
A equacao para T é entao,
T" + \0*T =0, (4)
com solugao,
T(t) = Ae ™", (5)

em que definimos a frequéncia angular,

w=Av. (6)
Notemos que a constante de separacao k tem dimensoes de niimero de onda,
ou comprimento~!, sendo v a velocidade de propagacao da onda. Notemos que
em (5) podemos ter também um termo analogo com +iwt. Também podemos
escrever 1" na forma,

T(t) = ay cos wt + assenwt . (7)

A equacao para F é,

V2F + N*F =0. (8)



Em coordenadas esféricas,

10 ([ ,0F 1 0 oF 1 9*F
Ry i) [ - it VIR S £ A )
r2 Or <7" or ) * r2senf 00 <sen9 8(9) + r2sen?6 0p? A 0 )

Assim, a parte espacial da equacao da onda é idéntica a parte espacial da
equagao do calor. Podemos entao usar os resultados anteriores, considerando
as condigoes de contorno adequadas.

1 Problemas

1. Considere uma esfera de raio a. Calcule u(t, r) sendo u(t,a) = u, e u(0,7) =

f(r).

A solucado €,

u(t,r) = up(r) + > 72T a(Ajr)[ar cos A\jut + agsen Ajot] .
J
A condicao de contorno em r = a nos dd,

ult,a) = u, = ug(a) + > a2 Jy jp(Nja)[ar cos Aot + agsen \jvt] .
J
FEscolhendo,

Jl/g()\ja) = 0, j: 1,2,...

determinamos os valores possiveis de \. Também temos,

U = up(a),

e portanto ug(r) = u,. A condigdo inicial é,

w(0,7) = f(r) = u, + ZTﬁl/ZJI/g()\jr)al ,
J
ou,

f(r) —u, = Zr’l/QJl/g()\jr)al )

J



Temos uma série de funcoes de Bessel. Multiplicando por 7“3/2J1/2()\k7“) e in-
tegrando em r,

/Oa dr 7’3/2J1/2<)\k7’)[f<7’> — ua] = Z /Oa dr TJUQ()\jT’)JUQ()\kT’)CLl

Usando a relagao de ortogonalidade,

/a 0, Jj#k,
rJ1y2(Ajr)J1 2 (Ner)dr = .
0 ’ [J1/2(>\ka)] , J=k,

temos,

a CL2
/0 dr 20 ) (r) = ] = S p(va) P

Os coeficientes na solugao sao portanto,

#
[ J} 5 (Aka)]?

a1 =

/ dr r3/? J12(Aer)[f (1) — ug) -

Temos entao, fazendo as = 0,

u(t,r) =ug + > 1 2T (N\r) cos Ajut x
J
2

TR o 4 RO )

A expressao acima € idéntica a obtida para a equacao do calor, com excecao
do termo dependente do tempo.

2. Considere a regiao a < r < b. Calcule u(t, r) sendo u(t,a) = ug, u(t,b) = uy

e u(0,7r) = f(r).

Escrevemos a solugdo como,

(t r _UO —|—ZT bljl/g )\ 7") +b2}/1/2<)\ 7’)]

X [a; cos )\]vt + azsen \jut] .

Emr=aer=b,



(t a) =Uqg = Uo —|— ZCL b1J1/2 )\ a) + bQYi/Q()\ a)]

X [ay cos A\jut —|— assen \;vt]

U(t, b) = Up = U()(b) + Z b_1/2 [bljl/g()\]b) + szi/g(AJb)] X
J
X [ay cos \jut + agsen Ajut].
Satisfazemos as condicoes acima escolhendo,

bljl/g()\‘ )+b2}/1/2()\ ) = 0,

Portanto,
Uy = up(a),
up = up(b) .

Os wvalores de \ sao assim determinados por,

J1/2(Xja)Y12(Aj0) = Yipa(Aja) J12(A0) = 0,

ou,

ul/Q()\]b> = 07 j: 1727"'

com,

u1/2(Ajr) = Yij2(Nja) Jij2(Ajr) — Jija(Aja)Yia(Ar) .

Podemos escrever também,

logo a solucao fica, fazendo by =1,

1
= E( (A7) ——
ultr) =l + 2Oy 5 >

X [ay cos )\jvt + agsen \jut].

A condicao inicial €,



ou,

1
_ E: (A7)
) =) = 2P gy

Temos agora uma série de funcoes de Bessel. Multiplicando por r3/2u1/2(>\kr)
e integrando em r,

/a " 2, ) (r) = uo(r)] =

b 1
= d A ALT ) ————
;/@ Uy 2 (A7) U s kr))/i/g()\ja)al

Usando a condig¢ao de ortogonalidade,

b
/ ru 2 (A )urp(Aer)dr =0, 7 #k,
temos,
b 3 K 2 1
/a drr*“uy o (Aer) [ f (1) — uo(r)] = /a dr rul/Q()\k'r’)Yl/Q()\ka)al

O coeficiente a; € entao,

Y7 2(A
= drlﬁjt(l/’;aAkr [ un)l ) = un(r),

e a solugao €, fazendo as =0,

u(t,r) =uo(r +Z7’ ul/QAr)cos)\vtx

1
X — -
[, dr rul/Q()\jr)

[ PO )~ uolr)]
A parte espacial da solucao acima concorda com o caso correspondente da

equacao do calor, como esperado.

3. Considere uma esfera de raio a. Calcule u(t,r, ) sendo u(t,a,0) = f(0) e
u(0,7,6) = g(r,0).



(a) A solugao finita é,

ult,r,0) =uo(r,0) + > _ 1721 0(Ar) Py(cos 0) x
An
X [ay cos Avt + agsen \vt] .

A condicao de contorno em r = a €,

u(t,a,0)=f(0) = uo(a,d) + Z?"_l/QJnH/g()\a)Pn(cos ) x
An
X [ay cos vt + agsen Avt] .

Escolhendo,

Jn+1/2()\nj&) = 0, j = 1,2, Ce

satisfazemos a equagao acima e determinamos os valores possiveis de X. Também
temos,

f(0) = uo(a,0).

A condicao inicial nos dd,

w(0,7,0)=g(r,0) = uo(r,0) + > %I, 11 /2(Anyr) Pu(cos 0)ay

n

ou,

g(r,0) —uo(r,0) = > 12T 0(Ay7) Palcos 0)a .

Jn

A expressao acima € uma série de polinomios de Legendre, logo,

_ 2n+1
Zr 1/2Jn+1/2()\njr)a1 =—3
J

/07r P,(cosO)sen®df|g(r,0) — ug(r,0)].

Temos agora uma série de fungoes de Bessel. Multiplicando por T3/2Jn+1/2(/\nk7“)
e integrando em r,



Z/O drTJn+1/2(Aan)Jn—&—l/Q()\nkT)al =
J

= /0 dr 7“3/2Jn+1/2()\nkr) X
2n+1
2

X

/OTr P,(cosB)sen®df[g(r,0) — ug(r,0)].

Usando a condicao de ortogonalidade,

/a 0, n % m,
T Jig1/2(Ant) Jig1 2 (A )dr = § 2
0 5{J1/+1/2()\lna)]2 y n=m,

temos,

2
a !

?[ n+1/2(/\nka)]2a1 =

= /0 dr 7’3/2Jn+1/2()\nk7“) X
2n+1
2

X /OTr P, (cos@)sen® db[g(r,0) — uo(r,0)],

ou,

2
a2[J7’1+1/2
2n+1
2

a] =

Gt o s

X

/07r P,(cos@)sen® db[g(r,0) — uo(r,0)] .

A solugao é entao, fazendo ay =0,

u(t,r, 0) =wuo(r,0) + Z r_1/2Jn+1/2(/\nj7‘)Pn(cos 6) cos A\,;vt X

in
2 a
dr ®? Tyt j2(Ang
O 7 ) >
2 1/
X n2+ /Pn(cose)senﬁdﬁ[g(r,ﬁ)—uo(r,e)].
0

4. Considere a regiao a < r < b. Calcule u(t,r,6) sendo u(t,a,0) = f(6),
u(t,,0) = 9(0), u(0,1,0) = h(r. ).

(a) Temos agora,



U(t, T, 0) = U()(T, 0) + Z T_1/2 [Cl Jn+1/2(/\7"> + CQYn+1/2()\T)] X
An
X P, (cos @)]ay cos vt + agsen Avt] .

As condicoes de contorno em r = a er = b sao,

u(t,a,0) = f(0) = up(a,0) +>_ a2[erJpi12(Aa) + 2V i1 /0(Aa)] x
An

X P, (cos0)[ay cos At + agsen Avt],
u(t,b,0)=g(0) = uo(b,0) + > b2 er Jui1 2 (AD) + €2V p1/2(AD)] X
An
X P, (cos 0)[ay cos At + agsen Avt] .
Escolhemos assim,
C1 Jn+1/2()\a) + CQYn+1/2()\a) = O,
61Jn+1/2()\b> + CQYn+1/2()\b) =0.

Portanto, os valores de \ sao definidos por,

Jn+1/2()\nja)Yn+1/2()\njb) - Yn+1/2()\nja)<]n+1/2(>‘njb) =0,

ou,

un+1/2<)\njb) = 0, j = ]_,2, ce

com,

un+1/2()\njr) = Yn+1/2()\nja')‘]n+1/2(/\njr) - Jn+1/2(/\nja)Yn+1/2()‘an) .

Temos entao,

Jn-i—l/?()‘nja)
Yn+1/2<)\nja> '
A solucdo fica assim, fazendo ¢; =1,

Cy = —C1



1
U(t’l"e TQ +ZT Un+1/2)\ T)mx
n nj

x P, (cos 0) [a1 COS AUt + agsen \,;vt].

Escrevendo agora a condigao inicial temos,

1
w(0,7,0)=h(r,0) = u(r,0) + > r~ 2y, ApiT)————— X
(O:r0)=h(r,6) = wa(r,0) + 527 P sy
X P, (cosf)ay ,
ou,
h(r,0) — Z )—1 X
T, r %, njT
H/Q Yn+1/2()‘nja)

X Pn(cos 6)ay

A expressao acima € uma série de polinomios de Legendre, logo,

1
r_l/zun ApilT) —————————
zj: +1/2( J )Yn-i,-l/Q()\nja/)

2 1 r7
B n;L / [h(r,0) — uo(r,0)] Py(cos 0)sent db .
0

a; —

Temos agora uma série de fungoes de Bessel. Multiplicando por 7’3/2un+1/2()\nk7")
e integrando em r,

a; =

b 1
dr rip g1 /2(AngT ) tns1/2(Aak?) o
ZJ:/G 7 U172 (A7) 12 kr)Yn—i—l/Q()\nja)

b
:/ drr3/2un+1/2(/\nk7‘) X

2 1 /=
X n2+ / [h(r,0) — ug(r,0)] Py(cos @) sen df .
0

Usando a condicao de ortogonalidade,

b
/ Tun+1/2()\nj7“)un+1/2()\nkr)dr =0, j#k,

temos,



a] =

b 1
dr ru? Al ) ——————
/a n+1/2( k >Yn+1/2()\nka)

b
:/ drrg/QunH/g(/\nkT) X

><2n2jL ! /Uﬂ[h(r 0) — ug(r, 0)] P, (cosO)send do .

Os coeficientes aq sao entao,

Yn )\TL
ay = +1/2( ka) X

b
/dr?"uiH/Q()\nkr)
/drr un+1/2(>\nk7‘)

277,2—0—1/0 [h(rﬁ)— (7’ 9)] (0030)$6n9d9

X

A solugdo € assim, fazendo as = 0,

u(t,r,0) =uo(r,0) —|—Zr *Unt1/2(AnjT) X

X P, (cos 9) Co8 Ap Ut X
1

b
/a drruiH/Q(Amr)
b
></ drr3/2un+1/2(/\nj7’) X

2 1/
X n2—i— / [h(r,0) — ug(r,0)] P(cosf)send db .
0

X

5. Considere uma esfera de raio a. Calcule u(t,r, 60, ) sendo u(t,a,0,¢) =

f(@, 90) e U(O’ r,0, 90) = g(T‘, 0, 90>'

(a) A solugdo finita é€,

ult,r,0,0) =uo(r,0,0) + S 172 I, 01 (M) P (cos 0) x

Anm
X [b1 cos mp + bysenmp]
X [ay cos Avt + assen \vt] .

A condicao de contorno em r = a nos dd,

10



u(t,a,0,¢0) = f(0,0) = u(a,0,0) + > a T, 1/2(Aa) P (cos ) x

Anm
X [b1 cos mp + bysenmp]
X [ay cos vt + agsen Avt] .

Satisfazemos a equagao acima escolhendo,

Jn+1/2()\nj@) = 0, j = 1,2, Ce

A equacao acima determina os valores possiveis de \. Portanto,

f(ea 30) = Uo(aa 0, (10) :

A condicao inicial €, fazendo a1 =1

w(0,7,0,0)=g(r,0,¢) = up(r,0, ) + Z T71/2Jn+1/2(>\njr)P,T(cos ) x
jnm
X [by cos mep + basenmp]
ou,
g(ra 07 90) - UO(T, 97 90) = Z 7’71/2Jn+1/2()\nj7’)P:1(COS 6) X

jnm

X [by cosm + basenmyp]

A expressao acima é uma série de Fourier, logo,

Z r1/2 nt1/2(An7T) Pr(cos 0)big =

in

1 ™
= 5= [ lor.0.2) = uo(r.0.2)] da

Zr_l/QJnH/z()\nj )P (cos 0) by =
——/ (r,0,x) — up(r, 0, z)] cosma dz,
Zr 1/2 Int1/2(Angr) Py (cos 0)bay, =

—/ (r,0,2) — ug(r, 0, z)|senmax dx,
=12,...
Temos agora séries de polinomios de Legendre e de funcoes associadas de

Legendre do primeiro tipo, assim,

11



Z ro1/2 Jn+1/2(/\nj7“)blo =

J
_2n+1
)

1 ™
<o [ lg(r0.) = wo(r,0.)] da
Z ’f‘_l/QJnJrl/g()\nj’f‘)blm =

(@2n+1)(n—
B 2(n+m)!

—/ (r,0,2) — ugp(r, 0, x)] cosma dr

ZT /Jn+1/2()\nj7")bzm=

J

/Tr P,(cosB)send df x
0

/ P (cosf)sen df x

_(@2n+1)(n—
— P
30n +m) / (cos@)sen do x
—/ (r,0,2) — ug(r, 0, z)|senmx dx
—1,2,...

Temos agora séries de funcoes de Bessel. Multiplicando por 7"3/2Jn+1/2()\nkr)
e integrando em r,

Z/o drrJpi1/2(Ang7) Jng1 2 (Ankt)bro =
J

2n+1

= /a dr 7"3/2Jn+1/2()\nk7“) /7r P,(cosO)sent df x
0 0

1 ™
X% /77T[g(7“,9,$) - Uo(T,e,flf)] de,

Z/o dr v Jni172(Ang7) Jng1/2(Ank? ) brm =
(2n+1)(n —

2(n +m)
—/ (r,0,2) — up(r, 0, x)] cosmax dr,

= /a dr r?’/QJnH/Q(/\nkr) / P (cos0)sen df x

/0 dr T’Jn+1/2()\an)Jn+1/2()\nkr)b2m =
J

a 2n+1 m(
:/ dr r3/2Jn+1/2()\nkr)< 2(n)—i§m / P (cosf)sen df x
1 ™
x— [ [g(r,0,2) —uo(r,8,x)|senmazdz,
™ J-—m
m=12...

12



Usando a relagao de ortogonalidade,

0 J#£k,

/a TJn+1/2()\an)Jn+1/2()\nk7“)dr = a )
0 5[‘]72+1/2(/\nka)]27 Jj=k,

N

temos,

2
a !

5[ n+1/2()\nka)]2b10 =
a 2 1 ™

= / dr 32 T i1 o (Aier) n2—{— / P, (cosf)sent db x
0 0

1 ™

X%/_ [g(?",@,x) —Uo(T‘,H,ZE)] dl’v
a2 ! 2

?[Jn+1/2(/\nka)] bim =

:/ drr3/2Jn+1/2(/\nk7’)

(2n+1)(n —
2(n 4+ m)!

/ P™(cos B) senf) df x
—/ (r,0,2) — up(r,0,x)] cosma dr,

2 [‘]n+1/2(/\nka)] b2m -

2 1
:/0 dTTs/an+1/2()\nk7’)( nt -

2(n+m)!

/ P (cos0)sen df x

><1/7r [g(r,0,2) — ug(r, 0, z)|senma dx

m ™
m: 727

e 0s coeficientes b's sao,

13



by = 2 X
a2l (Aera))?

a 2 1 =
></ dr 2 J, 1 (Ankr) n2—l— / P,(cos)sen6 do x
0 0
1 s
<o [ la(r.6.0) = wa(r.0,2)) o
2
blm: X

a2[J7/1+1/2(>‘nka)]2

2 1
/ dT?”/Jn+1/2()\nk7")( n )(

2(n+m)!
—/ (r,0,z) — up(r,0,x)] cosma dz,

/ P (cos0)senf df x

bgm = X
az[JnH/z(Anka)P

a 2n+1 m(
></0 dr 7’3/2Jn+1/2(>\nkr)( 2(n)—£m / P (cos@)senf df x
1 ™
x— [ [g(r,0,x) —uo(r,0,z)|senmzxdz,
™ J—m
m=1,2,...

A solugao é entao, fazendo ay =0,

14



u(t,r, 0,0)=uo(r,0, )
_|_ZT*1/2Jn+1/2()\nj7’)Pn(COS 6) cos A\pjvt X
n
2
X X

a2|:<]7/1+1/2(>\77/ka>:|2

></0 drrS/QJnH/g()\nkr) X
2n + 1
X
2

/7r P,(cos)sent do x
0

1 ™
X% _W[g(r, 0,2) —uo(r,0,z)| dx
+ Z T_l/QJn+1/2()\nj7")Pﬁn(COS 0) cosmep cos Anjvt X
jnm
2
X - 3
a2[Jn+1/2(>‘nka)]
X /a dr r3/2Jn+1/2()\nk7”) X
0
(2n+1)(n —
2(n +m)!

1 rm
x;[ﬂ[ﬂ(r,e,x) — up(r, 0, x)] cosmx dx

X

|
m)/ P (cosf)sen df x
0

+ 30 1 o (Aagr) Py (cos B) senmip cos Aot
jnm
2
% X

az[Jqu+1/2()‘nka>]2
X /a drr®? Joi1 (At X
0

(2n+1)(n —
2(n +m)!

1 U
x—/ [g(r,0,2) — ug(r, 0, z)|senmazx dz .
T

—T

| ym
m)/ P (cos @) sen6 d x
0

6. Considere a regiao a < r < b. Calcule u(t,r,6,¢) sendo u(t,a,,p) =
f(67 %0)7 u(t7 b7 97 (p) = 9(67 90)7 u(()? 717 67 90) = h(/r7 67 90)'

(a) Escrevemos agora a solugdo como,

u(t,r,0,0) =uo(r,0,0) + > 172 erdpi2(Ar) + caYor1p(Ar)] x

Anm
X P (cos 0)[by cos mp + basenmy)]
X [a1 cos Avt + agsen \vt] .

15



As condicoes de contorno nos dao,

u(t,a,0,¢) = f(0,¢) = u(a,0,¢)
+ Z CL_I/Q[ClJn_H/Q()\CL) + CQYn+1/2()\CL)] X

Anm
X P (cos 0)[by cos mp + basenmy)]
X [ay cos Avt + agsen Avt],
u(t,0,6,¢) =g(0, ) = uoe(b, 6, ¢)
+ 3 072 [e1 Jnga2(AD) + 2ot 2(AD)] X

Anm
X P (cos 0)[by cos mp + bysenmy)]
X [ay cos Avt + agsen Avt].

Escolhemos assim,
c1dnt12(Aa) + c2Yoi12(Aa) =0,
(&1 Jn+1/2()\b) + CQYn+1/2()\b) =0.

Portanto os valores de A sao determinados por,

Jnt172(A) Yo 41/2(AD) — Yay1/2(Aa) Jup1/2(Ab) = 0,

ou,

un+1/2<)\njb) = 0, ] = 1,2, ce

com,

Un+1/2()\nj7“) = Yn+1/2()\nja)Jn+1/2()\nj7’) - Jn+1/2()\nja)Yn+1/2()\nj7’) .

Também temos,

Jn+1/2<)‘a)
Yn+1/2 (ACL) '

Co = —(C1

A solucdo fica entao, fazendo c; =1,

16



1
u(t,r,0,0)=ug(r,0,p) + 12, ApilT) —————— X
( ©) of ©) ]%; +1/2( J )Yn+1/2()\nja)
X P (cos 6)[by cos me + basenmp]

X [ay cos An;vt + agsen A, vt] .
A condi¢ao inicial €,

u(0,7,0,9)=h(r,0,p) = uy(r,0,p)
1

+ %y, (Anj7) = X
%z 172l )Yn+1/2()\nja)

X P (cos 6)[by cosmep + basenmp|ay

ou, fazendo a; =1,

1
h(r,0,¢) —uy(r, 0, ) Y2 U1 o (A7) o X
’ ]%;L +1/2 Yn+1/2(>\nja)

x P (cos 0)[by cos mp + basenmep] .

Temos uma série de Fourier, logo,

1

n — P, by =
Zr T2 (A T)Yn+1/2(>\nja) (cos8)bro
]_ T
= %‘/_ [h(?”,97$) _UO<T7 97‘7;)] dl’,
1
" (A7) ———P" b1y, =
Zr 2u +1/2( T)Yn—s—l/Z()\nja) M (cos 0)by
—/ (r,0,2) — uop(r, 0, x)] cosmx dz
1
(A7) =————P" )by, =
ZT’ Un+1/2 ’I”) Yn+1/2()\nja) n (COS ) 2

—/ (r,0,2) —ug(r, 0, z)|senmax dx .

As expressoes acima sdao séries de polinomios de Legendre e de funcgoes asso-
ciadas de Legendre, assim,

17



1
r 12, ApiT) —————b1g =
zj: +1/2( ’ )Yn+1/2<>\nja') 10
B 2n +1
2

><21 i [h(r,0,x) — uy(r, 0, x)] dz,

™ J—7
1

Yn+1/2()\ 'a/)

/7r P,(cosB)sent dh x
0

blm -

Z?‘ “Un i1 /2 (Anj)

2 1
= (2n+1)(n — / P (cos@)send df x
2(n+m)!
—/ (r,0,2) — up(r,0,x)] cosmx dx
1
r 12, (Anj7) ———bom =
Z +1/2 )Yn+1/2()\nja) ?
= _@nt - / P (cos@)sen df x
2(n+m)!

—/ (r,0,2) — ug(r,0, z)|senmax dx .

Temos agora séries de funcgoes de Bessel. Multiplicando por T3/2un+1/2()\nkr)
e integrando em r,

1
Yn+1/2(/\nja)

2 1
_/ dr 3/ unH/Q(/\nkr) n;_ /0 P,(cosO)sent db x

1

x% Lﬂ[h(r,@,x) —ug(r,0, )] dx,

b
Z/ d?”Tun+1/2()\njr)un+1/2()\nkr>

J

b
= / dr ¥, 12 (AkT)

b
Z/ dr Tun+1/2(Aan)Un+1/2()\nk7”) bio =

I S
Yn+1/2(>\ ~a) tm

(2n+1)(n —
2(n +m)!

—/ (r,0,2) — up(r,0,x)] cosmx dz,

/ P (cosf)senf df x

.,
Yn+1/2(/\ a) o

Z / dr run+1/2()\an)un+1/2()\nk7")
j a

(2n+1)(n —
2(n+m)!

—/ (r,0,2) — ug(r,0, z)|senma dx .

b
:/ drr?’/QunH/Q()\nkr) / P (cos0)sen df x

Usando a relagao de ortogonalidade,
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b
/ Tun+1/2(Anjr)un-ﬁ-l/Z()‘nkr)dT = Oa .] 7é k7

obtemos,

b 1
dr ru? AkT) —=——————b1g =
/a 12 )Yn+1/2(/\nja’) v

2 1 g7
nt / P, (cos0)sent db x
0

b
:/ drr3/2un+1/2(/\nkr)

1 ™
X% /77T[h(r797x) - Uo(’f’,@,l’)] dl‘,
1

b
2
/zz dr T“n+1/2<)‘”’“r)mblm E
(2n+1)(n —
2(n +m)

b
:/ drrg/QunH/g()\nkr) / P (cos0)senf df x

—/ (r,0,z) — up(r,0,x)] cosmx dz

1
dr rufb AMpT ) —————bo,, =
/a +1/2( k )Yn+1/2(/\nja) 2

b 2n+1

/ P (cos8)sen df x

—/ (r,0,x) (r,&,x)]senmxdx.

Os coeficientes b’s sao entao,
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Y12 (Anj a)

s drrun+1/2(/\nkr)
2 1 7

/ drr®/ Un+1/2()\nk7’) n2—i— / P,(cos)sent do x
0

x—/ h(r,0,z) — uy(r, 0, x)] dz,
Yn+1/2(/\nga)

bio =

blm =
f dr Tun+1/2(/\nk7")
2n + 1 m(
X /a dr 3/ 2un+1/2()\nkr)< 2(n)—£m / P (cosf)sen df x
1 T
X — / [h(r,0,x) — uy(r, 8, x)] cosmz dx ,
mwJ—7
by Yn+1/2()\nja)

f dr Tun+1/2 (Ankr)

/drr un+1/2(/\nk )(Qn—{—l)(

2(n 4+ m)!
—/ (r,0,2) — up(r,0, z)|senmzx dx .

/ P™(cos B) senf) df x

A solugao é assim, fazendo as = 0,
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U(t, T, 97 @) = U’O(T 07 90)
+ 3 2 o (Myr) P (cos 0) cos At X
jnm

1
f drrunH/Q()\ i)

2 1 /=
></ dr 3/ un+1/2()\njr)n;/0 P, (cosB)sent dh x

X

x—/ h(r,0,z) — ug(r, 0, x)] dx

+ Z r- unH/g (Ans7T) P (cos B) cos A,vt cos mep X
jnm

1
X — 5
Jo drrug s (Angr)

b
x/ drr?’/QunH/Q()\njr)

X

(2n+1)(n —
2(n+m)!

/ P (cosf)sen df x

1 U
x—/ [h(r 0, 1) — ug(r,0, )] cosmx dr

+ 3 T 2 o (Mjr) P (cos 0) cos Ayjutsenmep X
jnm

1
f drrun+1/2()\ i)

></ dr r®/ 2un+1/2()\njr)

X

(2n+1)(n —
2(n+m)!

/ P (cos@)sen df x

—/ (r,0,2) — up(r, 0, z)|senmax dx .

7. Calcule u(t,r,0, ) em 0 < r < a com as condigoes,

u(t,a,0,p) = u(t,0,p),
u(0,7,0,0) = o(r,0,0),
Ut(O, r, 97 gp) - ¢(7"7 9) 80) .

8. Calcule u(t,7,0,¢) em a < r < b com as condigoes,

u(t? a,t, 90) =t (ta 0, 90) )
u(t,b,0, ) = pa(t,0,¢)
U(O, T, 0, 90) = QO(T’, 0, 90) )
u(0,7,0,0) = (r,0,0) .
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2 Apéndice
(a) Série de Fourier

f(z) = ao + Z (@, cosmx + by,senmx)

72/f

—/ f(x)cosma dx,

—/ z)senmxdr, m=0,1,2,...

(b) Polinomios de Legendre (x = cos#)

Po(l’) =1

P(x)=x

Py(z) = ;(?m -1)
1

Ps(x) = 5(5x3 — 3z)
1
Py(z) = g(359;4 —302% + 3)

1
Ps(z) = §(63x5 — 702° + 152)

1
Ps(x) = 16(23195 — 3152" 4+ 10522 — 5)
1
Py(z) = E(497357 — 6932° + 3152% — 35z)
1
Py(x) = 128(6435x — 1201225 + 69302* — 126022 + 35)

Relagao de ortogonalidade:

+1 0, n#k,
/ Po(2) Pu(2)de = { 2

. —k
mi1’ "

(c) Fungoes associadas de Legendre
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Pl(z) = (1 —2H)Y? = send
P} (z) = 3z(1 — 2*)1/? = 3senf cos 0
PZ(x) = 3(1 — 2*) = 3sen* 0
Pj(r) = Z(E)x D1 —2H?2 = 2(5 cos® ) — 1)sen @
PZ(r) = 152(1 — 2*) = 15senf cos 6
P3(z) = 15(1 — 2%)*? = 15sen®
D )
Pl(z) = *(71’3 —3z)(1 —2H)Y? = 5(7(3083 0 — 3 cosf)sen
1 1
P(x) = 5( _)(1—2?) = 3(7@829 — 1)sen’
P3(z) = 105z(1 — 2)%? = 105sen30 cosd
P}(x) = 105(1 — 2*)* = 105sen’d

Relagao de ortogonalidade:

+1 07 n%ka
/_1 P (z) P (x)dx = 2 (n+m)!

2n+1(n —m)!

) n:kJ

(d) Série de polinomios de Legendre

=Y CiPy(cosb),
k=0
2k +1

Cy = /07r f(0)Py(cosf)sen b db .

(e) Série de fungoes associadas de Legendre do primeiro tipo

0) = Z Dy P["(cos @),
k=0

(2k + 1) (k — m)! /“ F(0)P™(cos f)sen 6 df,

D p—y
g 2(k+m)! 0

(f) Funcoes de Bessel

J#k,

a 07
/TJl/Q()\jT)Jl/Q()\kT)dT’: CL2 )
o S, =k,
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J#k,

0
a .
[ :z+1/2()\nka)]27 J=k,

N

/0 T Jn41/2(AniT) It /2(Aner ) dr {
2

u1/2(Ajr) = Yija(Nja) Jia(Njr) — Jija(Aja)Yija(Ar)

b
/ rur 2 (Ajr)urp(Aer)dr =0, j#k.

Expansao em série de fungoes uy/2(A;7),

fr) = ZAJU1/2()\J'7”) ,

/ab rf(r)ug o (Njr)dr

A; = .
/a TU%/Q()\jT)dT

J

un—i—l/?()\njr) = Yn+l/2()\nja)Jn+1/2(/\an) - Jn+1/2(/\nja)Yn+1/2(/\an) )

b
/ Tun+1/2()\nj7’)un+1/2()\nkr)d"’ =0, j#k.

Expansao em série de funcoes tp,1/2(An;7),

flr)= Z Ajun+1/2()\nj7“) )
J

/ab 7 f (1) Ung1/2(Anr)dr

A= -
/ar“n+1/2()‘nj7")d7”

J
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