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Gás ideal quântico

Estatı́stica de Fermi-Dirac

ln Ξ =
∑

i

ln
(
1 + e−β(εi−µ)

)
→

∑
i

→

∑
s

∑
~k

→ gs
V

(2π)3

∫
d3k

gs é o número de estados de spin para cada valor de ~k: degenerescência de spin

“se cada partı́cula tem um momento angular de spin intrı́nseco s, as possı́veis
orientações deste spin são dadas por sua projeção

ms = −s, −s + 1, . . . , s − 1, s

ou seja, existem gs = 2s + 1 possı́veis estados de mesma energia associados com
cada estado de translação de uma partı́cula.”

p
kBT =

gs

λ3 f5/2(z)

N
V =

gs

λ3 f3/2(z)


U
V

=
3
2

kBT
gs

λ3 f5/2(z) → U =
3
2

NkBT
f5/2(z)
f3/2(z)
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Gás ideal quântico

Estatı́stica de Fermi-Dirac
Calor especı́fico

CV

NkB
=

1
NkB

(
∂U
∂T

)
V,N

(
U =

3
2

NkBT
f5/2(z)
f3/2(z)

)
=

1
NkB

3
2

NkB
f5/2(z)
f3/2(z)

+
3
2

NkBT
f3/2(z)

(
∂f5/2(z)
∂T

)
V,N
−

3
2

NkBT
f5/2(z)

(f3/2(z))2

(
∂f3/2(z)
∂T

)
V,N


N
V

=
gs

λ3 f3/2(z) → f3/2(z) =
λ3

vgs

(
v =

V
N

)
(
∂f3/2(z)
∂T

)
V,N

=

(
∂f3/2(z)
∂T

)
v

=
1

gsv
3λ2 dλ

dT

(
λ =

h
√

2πmkBT

)
= −

1
gsv

3
2
λ2 h

(2πmkBT)3/2

(2πmkBT)
T

= −
1

gsv
3
2
λ3

T
= −

3
2T

f3/2(z)
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Gás ideal quântico

Estatı́stica de Fermi-Dirac
Calor especı́fico

CV

NkB
=

1
NkB

(
∂U
∂T

)
V,N

(
U =

3
2

NkBT
f5/2(z)
f3/2(z)

)
=

1
NkB

3
2

NkB
f5/2(z)
f3/2(z)

+
3
2

NkBT
f3/2(z)

(
∂f5/2(z)
∂T

)
V,N
−

3
2

NkBT
f5/2(z)

(f3/2(z))2

(
∂f3/2(z)
∂T

)
V,N


z
∂fν(z)
∂z

= fν−1(z) →

(
∂f5/2(z)
∂T

)
V,N

=

(
∂f5/2(z)
∂z

) (
dz
dT

)
V,N

= f3/2(z)
1
z

(
dz
dT

)
V,N

(
∂f3/2(z)
∂T

)
V,N

= −
3

2T
f3/2(z) →

∂f3/2(z)
∂z

(
dz
dT

)
V,N

= −
3

2T
f3/2(z)

f1/2(z)
1
z

(
dz
dT

)
V,N

= −
3

2T
f3/2(z) →

1
z

(
dz
dT

)
V,N

= −
3

2T
f3/2(z)
f1/2(z)
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Gás ideal quântico

Estatı́stica de Fermi-Dirac
Calor especı́fico

CV

NkB
=

1
NkB

(
∂U
∂T

)
V,N

(
U =

3
2

NkBT
f5/2(z)
f3/2(z)

)
=

1
NkB

3
2

NkB
f5/2(z)
f3/2(z)

+
3
2

NkBT
f3/2(z)

(
∂f5/2(z)
∂T

)
V,N
−

3
2

NkBT
f5/2(z)

(f3/2(z))2

(
∂f3/2(z)
∂T

)
V,N


(
∂f5/2(z)
∂T

)
V,N

= −
3

2T
[f3/2(z)]2

f1/2(z)

(
∂f3/2(z)
∂T

)
V,N

= −
3

2T
f3/2(z)

CV

NkB
=

3
2

[
f5/2(z)
f3/2(z)

−
T

f3/2(z)
3

2T
[f3/2(z)]2

f1/2(z)
+ T

f5/2(z)
[f3/2(z)]2

3
2T

f3/2(z)
]

=
3
2

[
f5/2(z)
f3/2(z)

−
3
2

f3/2(z)
f1/2(z)

+
3
2

f5/2(z)
f3/2(z)

]
→

CV

NkB
=

15
4

f5/2(z)
f3/2(z)

−
9
4

f3/2(z)
f1/2(z)
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Gás ideal quântico

Estatı́stica de Fermi-Dirac
Potencial de Helmholtz

F = G − pV sistemas com uma componente → G = Ng = Nµ
(
z = eβµ

)
= NkBT ln z − pV → pV = NkBT

f5/2(z)
f3/2(z)

→ F = NkBT
[
ln z −

f5/2(z)
f3/2(z)

]

Entropia S =
U
T
−

F
T


U
V = 3

2 kBT
gs

λ3 f5/2(z)

F = NkBT
[
ln z −

f5/2(z)
f3/2(z)

]

S =
3
2

kBV
gs

λ3 f5/2(z) −NkB ln z + NkB
f5/2(z)
f3/2(z)

(N
V

=
gs

λ3 f3/2(z)
)

=
3
2

kB
λ3N

gs f3/2(z)
gs

λ3 f5/2(z) −NkB ln z + NkB
f5/2(z)
f3/2(z)

S = NkB

[
5
2

f5/2(z)
f3/2(z)

− ln z
]
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Resumo:
p

kBT =
gs

λ3 f5/2(z)

N
V =

gs

λ3 f3/2(z)

 U =
3
2

NkBT
f5/2(z)
f3/2(z)

CV

NkB
=

15
4

f5/2(z)
f3/2(z)

−
9
4

f3/2(z)
f1/2(z)

F = NkBT
[
ln z −

f5/2(z)
f3/2(z)

]
S = NkB

[
5
2

f5/2(z)
f3/2(z)

− ln z
]

f5/2(z) = 4
3
√
π

∫
∞

0
x3/2

z−1ex+1
dx

f3/2(z) = 2
√
π

∫
∞

0
x1/2

z−1ex+1
dx

f1/2(z) = 1
√
π

∫
∞

0
x−1/2

z−1ex+1
dx



As propriedades do gás de Fermi são definidas
pelo comportamento da função de Fermi fν(z).

Esta função deve ser calculada numericamente,
exceto nos casos limites em que z é pequeno.
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno

fν(z) =
1

Γ(ν)

∫
∞

0

xν−1

z−1ex + 1
dx =

1
Γ(ν)

∫
∞

0
xν−1 ze−x

1 + ze−x dx

Se z é pequeno podemos escrever

−
1

1 + ze−x =

∞∑
l=0

(−1)l−1 (ze−x)l = −1 +

∞∑
l=1

(−1)l−1 (ze−x)l
→ 1 −

1
1 + ze−x =

∞∑
l=1

(−1)l−1 (ze−x)l

ze−x

1 + ze−x =

∞∑
l=1

(−1)l−1 (ze−x)l

tal que

fν(z) =
1

Γ(ν)

∫
∞

0
xν−1

∞∑
l=1

(−1)l−1 (ze−x)l dx =
1

Γ(ν)

∞∑
l=1

(−1)l−1 zl
∫
∞

0
xν−1e−lx dx
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno

fν(z) =
1

Γ(ν)

∞∑
l=1

(−1)l−1 zl
∫
∞

0
xν−1e−lx dx

troca de variável: → lx = y
(
x =

y
l

)
→ dx =

1
l

dy

fν(z) =
1

Γ(ν)

∞∑
l=1

(−1)l−1 zl
(1

l

)ν−1 1
l

∫
∞

0
yν−1e−y dy︸            ︷︷            ︸
≡Γ(ν)

→ fν(z) =

∞∑
l=1

(−1)l−1 zl

lν

Limite de z� 1 (regime clássico)

fν(z) =

∞∑
l=1

(−1)l−1 zl

lν
≈ z −

z2

2ν
+

z3

3ν
+ . . . → fν(z) = z


pV = NkBT

U = 3
2 NkBT

CV = 3
2 NkB
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

fν(z) =

∞∑
l=1

(−1)l−1 zl

lν



p
kBT =

gs

λ3 f5/2(z) =
gs

λ3

∞∑
l=1

(−1)l−1 zl

l5/2

N
V =

gs

λ3 f3/2(z) =
gs

λ3

∞∑
l=1

(−1)l−1 zl

l3/2

p
kBT

V
N

=
gsV

λ3N

∞∑
l=1

(−1)l−1 zl

l5/2
N
V

=
gs

λ3 f3/2(z) −→︸︷︷︸
z�1

N
V

=
gs

λ3 z → z =

(
λ3

gsv

)

Proposta: Equação de estado na forma de uma expansão do virial (em potências de z)

pV
NkBT

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1

al → coeficientes do virial

Os coeficientes do virial al são obtidos das expansões de p/kBT e N/V em termos de z
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

pV
NkBT

=
p/kBT
N/V

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1



p
kBT =

gs

λ3

∞∑
l=1

(−1)l−1 zl

l5/2

N
V =

gs

λ3

∞∑
l=1

(−1)l−1 zl

l3/2
∞∑

l=1

(−1)l−1 zl

l5/2

∞∑
l=1

(−1)l−1 zl

l3/2

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1 (
λ3

gsv

)
=

∞∑
l=1

(−1)l−1 zl

l3/2

∞∑
l=1

(−1)l−1 zl

l5/2

∞∑
l=1

(−1)l−1 zl

l3/2

=

∞∑
l=1

(−1)l−1 al

 ∞∑
l=1

(−1)l−1 zl

l3/2


l−1

Alexandre Diehl Mecânica Estatı́stica



Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

p/kBT
N/V

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1



p
kBT =

gs

λ3

∞∑
l=1

(−1)l−1 zl

l5/2

N
V =

gs

λ3

∞∑
l=1

(−1)l−1 zl

l3/2
∞∑

l=1

(−1)l−1 zl

l5/2

∞∑
l=1

(−1)l−1 zl

l3/2

=

∞∑
l=1

(−1)l−1 al

 ∞∑
l=1

(−1)l−1 zl

l3/2

l−1

z −
z2

25/2
+

z3

35/2
+ . . .

z −
z2

23/2
+

z3

33/2
+ . . .

= a1 − a2

(
z −

z2

23/2
+

z3

33/2
+ . . .

)
+ a3

(
z −

z2

23/2
+

z3

33/2
+ . . .

)2

+ . . .
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

p/kBT
N/V

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1



p
kBT =

gs

λ3

∞∑
l=1

(−1)l−1 zl

l5/2

N
V =

gs

λ3

∞∑
l=1

(−1)l−1 zl

l3/2
∞∑

l=1

(−1)l−1 zl

l5/2

∞∑
l=1

(−1)l−1 zl

l3/2

=

∞∑
l=1

(−1)l−1 al

 ∞∑
l=1

(−1)l−1 zl

l3/2


l−1

z −
z2

25/2
+

z3

35/2
+ . . . = a1

(
z −

z2

23/2
+

z3

33/2
+ . . .

)
− a2

(
z −

z2

23/2
+

z3

33/2
+ . . .

)2

+a3

(
z −

z2

23/2
+

z3

33/2
+ . . .

)3

+ . . .

Alexandre Diehl Mecânica Estatı́stica



Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

p/kBT
N/V

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1

z −
z2

25/2
+

z3

35/2
+ . . . = a1

(
z −

z2

23/2
+

z3

33/2
+ . . .

)
− a2

(
z −

z2

23/2
+

z3

33/2
+ . . .

)2

+a3

(
z −

z2

23/2
+

z3

33/2
+ . . .

)3

+ . . .

Os valores de al são obtidos igualando os coeficientes de zl de ambos os lados da
igualdade:

z1
→ a1 = 1 z2

→ −
1

25/2
= −a1

1
23/2

− a2 a2 = −
1

4
√

2
≈ −0.17678

z3
→

1
35/2

= a1
1

33/2
+ 2a2

1
23/2

+ a3 a3 = −
2

9
√

3
+

1
8
≈ −0.0033
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

p/kBT
N/V

=

∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1

Equação de estado na forma de uma expansão do virial

pV = NkBT

1 + 0.17678
(
λ3

gsv

)
− 0.0033

(
λ3

gsv

)2

+ . . .


(
λ3

gsv

)
→


correções quânticas à equação de estado de gás ideal clássico

aumenta a pressão do gás de Fermi

resultado da repulsão produzida pelo princı́pio de exclusão de Pauli
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

Calor especı́fico →
CV

NkB
=

1
NkB

(
∂U
∂T

)
V,N


p = 2

3
U
V

pV
NkB

= T
∞∑

l=1

(−1)l−1 al

(
λ3

gsv

)l−1

CV

NkB
=

3
2

[
∂
∂T

(
pV
NkB

)]
V,N

=
3
2

 ∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1

+ T
∞∑

l=1

(−1)l−1 al (l − 1)
(
λ3

gsv

)l−2 3λ2

gsv
dλ
dT


como λ =

h
√

2πmkBT
→

dλ
dT

= −
λ

2T

CV

NkB
=

3
2

 ∞∑
l=1

(−1)l−1 al

(
λ3

gsv

)l−1

−
3
2

∞∑
l=1

(−1)l−1 al (l − 1)
(
λ3

gsv

)l−1


=
3
2

∞∑
l=1

(−1)l−1 5 − 3l
2

al

(
λ3

gsv

)l−1
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

Calor especı́fico →
CV

NkB
=

1
NkB

(
∂U
∂T

)
V,N


p = 2

3
U
V

pV
NkB

= T
∞∑

l=1

(−1)l−1 al

(
λ3

gsv

)l−1

CV

NkB
=

3
2

∞∑
l=1

(−1)l−1 5 − 3l
2

al

(
λ3

gsv

)l−1


a1 = 1

a2 ≈ −0.17678

a3 ≈ −0.0033

CV

NkB
=

3
2

1 − 0.0884
(
λ3

gsv

)
+ 0.0066

(
λ3

gsv

)2

− 0.0004
(
λ3

gsv

)3

+ . . .


Para temperaturas finitas, o calor especı́fico do gás de Fermi é menor do que o limite

clássico 3kB/2
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Gás ideal quântico

Estatı́stica de Fermi-Dirac

Limite de z pequeno (mas não muito menor do que a unidade)

CV

NkB
=

3
2

1 − 0.0884
(
λ3

gsv

)
+ 0.0066

(
λ3

gsv

)2

− 0.0004
(
λ3

gsv

)3

+ . . .


Para temperaturas finitas, o calor especı́fico do gás de Fermi é menor do que o limite
clássico 3kB/2
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